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26.09.

Control systems

1. Introduction           
● Examples

● Temperature control (soldering iron, clima control)

● pressure control (air pressure breathing system, blood pressure)

● speed control  cruise control in cars

● car: AntiBlockSystem, 02-Control in a catalyzer

● airplane: Autopilot system, height control

Example: portable drilling machine 

●   open loop control

 open loop  

 OpenOffice.org Rev.4 by Bay 

 get Skript (this)

 pdf

  :transparencies file Workbook CS I 14.pdf
 old examinations file see studpub/bayerlej/exams CS 

Set 
value

Power

Actuator process

speed
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●   closed loop control: 

 closed loop  

● disadvantages:

● more expensive in product and development

● more parts which could be damaged or have a defect

● danger for instability

● with defect sensors  wrong control

● advantages:

● gain of comfort

● disturbances will be compensated 

Reference transfer function

F w( p)= X
W , if: Z=0 (description of reference behavior)

 =1  ideal goal

Disturbance transfer function

F Z (P)= X
Z , if: W=0

 =0  ideal goal

 OpenOffice.org Rev.4 by Bay 

Set value

[ X D ]  control difference
 Power
    [ Y ]

[ Z ] disturbance

[ X ] controlled value

Sensor

[ W ]
 reference-
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controller
(-)
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  (Motor)

speed
Actual value
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2. Signal block diagrams (SBD)
  3 basic elements

2.1 Elements 

Block

Different descriptions F of the relation between In – and Output

● (1) complex transfer function F ( p )=
X a( p)
X e ( p)

● (2) Differential equation

● (3) step response (or sometimes impulse response)

● (4) Bode plot

● [ (5) state space matrix ]  (not used in this lecture)

Summing point

X3 = ± X1 ± X2 

● (+) is not written:
=> Adder, if no (-)
=> Subtraction, if (-), also called comparator

● attention:    physical units for  X1 , X2 and X3 must be the same!

Junction point

 OpenOffice.org Rev.4 by Bay 

X 1

X 2

X 3
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+
-
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X e (t)  
cause

X a (t)  
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X1
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2.2  Set up of signal block diagrams

● example 1(resistor)

 That means there are  2 possibilities to draw a SBD of a resistor.

1. cause: current source. then effect: voltage drop.

2. cause: voltage source: then effect: current is flowing

for example: a battery has a fixed voltage, which forces a current through a resistor.In 
this case  => 2. SBD is the correct choice. 

● example 1.2

DC-Motor

Inversion describes a generator /dynamo

● example 1.3

stove top (hot plate in kitchen):

           Inversion here not possible

● example 2(Capacitor)

     =>      or:

 OpenOffice.org Rev.4 by Bay 

u(t)
I(t)

RI

U

U = R I

n (speed)U

                Current source                                  Voltage source

=> R 1/Roder:
U UI I

UI 1
C p

IU C p

heat
P
Power



 Control System 1 Prof. Dr. Bayerlein 9 of 116 

    

● example 3 (RC-low pass filter)

 here no inversion possible because it is clear that U1 is in and U2 is output.

 U1 = I * R + U 2

      => U2 = U1 – I * R

U 2=
1

C p
I

● RC – block as signal block diagram:

U2 = U1 – I * R

 OpenOffice.org Rev.4 by Bay 

U1

R

C U2

I
Ia=0

R

p * C

I * R

I

U2

U2
U1

Input Output

Laplace

● A differentiation is Laplace- transformed a multiplication with p 

i(t )  = C
du (t )

dt
 = C  * u (t )  * d

dt
  ⊶   I ( p)  = C  * p  * U ( p)

● An integration is Laplace- transformed a division through p 

u(t )  = 1
C∫ i dt   ⊶   U ( p)  = 1

C
 * 1

p
 * I ( p )



 Control System 1 Prof. Dr. Bayerlein 10 of 116 

● example  4 (double RC – low pass filter)

(1)  U1 = I1 R1 +UC1

(2)  UC1 = I2 R2 + U2

(C1) (I1 – I2 ) = C1 * p * UC1

(C2)  U 2=
1

C2∗ p
∗I 2

equations (C2): U 2=
1

C2∗p
∗I 2

(2): I 2=
1
R2

(U C1−U 2)

(C1): I 1=C 1∗p∗U C1+ I 2

(1): U C1=U 1−I 1∗R1

 OpenOffice.org Rev.4 by Bay 

Necessary number of independent equations:

● 1 + one for each new unknown internal variable

● here:  1 + 3 = 4  (new  internal: I1, I2 and Uc1)

R1  I1

I1
I2

U1 UC1

U2

I2
U21

C2 p
1
R2

p C1R1

I2

1 2

I1
I2 Ia=0

I2

I1 - I2U1
U2

C2C1UC1

R1
R2
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Mechanical example (Exercise 1.1)

swimming ball controls Valve l   tank level control 

 physical equations:

● (1) qe=C∗z

● qe = input flow of fluid

● z  = distance for the valve-opener

● C  = valve constant

● (2)
z
lZ
=

h
l h

(law of the lever)

● z = s.a.

● lZ = lever length to valve

● h = level change

● lh = lever length to the swimming ball

● (3) A∗y=A( y0−h(t )) or: A∗y=∫
0

t

(qe−qa)dt+A∗ y0 (content of tank)

● qe and q a = fluid flow in [ l / min ]

● A = basic area of tank

● y0 = tank level, if valve is closed, set value

● y = actual tank level  y = y 0 – h

● h = Difference to yo , positive is level goes down

● input value (disturbance [ Z ]): Qa = unknown output flow 

● output value (controlled value) [ X ]) H  = relative level

● Laplace transformation (formal writing:  qe becomes Qe(p) )
(Change into frequency domain to avoid using convolution integral )

 OpenOffice.org Rev.4 by Bay 
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● (1) Qe ( p)=C∗Z ( p)

● (2)
Z ( p)

l Z
=

H ( p)
lH

● (3) −A∗H ( p)= 1
p
(Qe−Q a)   (combined content equations)

(3)

 (2)

(1)

 with only small adaption / changes  you see the s tandard control loop SBD:

 I-process: the process has integrating property

 set value  is a basic element of standard control loop SBD, but here there is no such  
input, or in other words input set value =0. Summing point with input 0 can be neglected.

 could be  added to change the tank level set value.

Repetition operational amplifier (OA):

       U0 = v * Ud 

Approximation 1: v  ∞ 

 OpenOffice.org Rev.4 by Bay 

Qa

Qe

Z

H

H

C

lZ

1

lH

A p

V        
U0        

Ud        

I = 0        

I = 0        

 

 

 A p        
1        

 Qa       

 Qe       C        
Z        

lH        
lZ        

W=0
set value        

process
I-process        

Controlled value H
(Tank level)
       

disturbance

P-controller        Actuator
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Approximation 2: v = v0   (e.g. µA741: v0 > 20 000)

Approximation 3: v=
v0

1+ p T

 Gain-Bandwidth-Product = v0 / (2πT)
 Approx. 3 is necessary for high frequencies 

together with high gains

Exercise 2.3

Unity gain amplifier  (or Voltage Follower)

U2 = U0 (trivial)

U2 = v * Ud (OA- equation)

U1 = Ud + U2 

Exercise 2.5

       Input impedance Z 1 
if too low add in front circuit Ex. 2.3 

● you need 3 equations (2 internal values: Ud and I)

● (1) U 2=v∗U d

 OpenOffice.org Rev.4 by Bay 

U0        
Ud        

U2        
U1        

virtual
Ground        

Ud        
Z1        

Z2        

U2        
U1        

I        

I        

Signal block diagram OA:

V        
U2        U1        

V        
U2        Ud        
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● (2) U d−I∗Z1+U1=0 => U d=+I∗Z1−U 1

● (3) U 2+U d+I∗Z 2=0 => I= 1
Z 2

(−U 2−U d )

Strategy:

1) define output (here U2) start drawing arrow on right side.

2) define input values of system (here U1) draw arrow on left side.

3) look for an equation for output value (here  U2 = v * Ud).

4) Convert into SBD and draw right side from right to left (see red block).

5) now look for open inputs (here Ud) and find equations for that values (here e.g. 
  Equation 2, solved for Ud.

6) repeat until there are no open inputs left.

● 1. Possibility: 

(1)

(2)

(3)

● 2.  Possibility

 OpenOffice.org Rev.4 by Bay 

I * Z1        

I        

Z2        
1        

Z1        

V        
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(1) U 2 = v∗U d (3) U d=−I∗Z 2−U 2 (2) I= 1
Z 1

(U d+U 1)

2.3  Reducing of SBDs

● WB (Workbook table page 7) 

● Rule 1

=>

● Rule 2

=>

● Rule 3

X = F1 (W + - X F2) 

=> X - + X F1 F2 = W F1

=> X (1 + - F1 F2 ) = W F1 

=> F w=
X
W

=
F 1

1±F 1∗F 2

          F W=
X
W

=
F1

1−F 1∗F 2
 , if feedback has+ sign

 

 because the   (+ - ) changes the side of equation, the yellow mark changes

 OpenOffice.org Rev.4 by Bay 

Fw = X/W        

F1 * F2        F2(P)        F1(P)        

F2(P)        

F1(P)        

F1 + F2        

X        W        

X F2        

Xd = W + --  X F2        

 +       

F2        

F1        

F W=
X
W

=
F1

1+F 1∗F 2
 , if feedback has - sign
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Example:

Voltage follower (example above):

         =>  

=> F ges=
U 2

U 1
= V

1+V

V  ∞ => U2 / U1 = 1

V = V0 = 20 000 => U2 / U1 = 20 000 / 20 001 = 0,99995 (V =
V 0

1+ p∗T )

Example 2:

         F 4=
F 1

1−F 1∗F 3

F ges=F2+F 4

Example 3 (1. Possibility)

 OpenOffice.org Rev.4 by Bay 

F3        

F2        

F1        

+        

F3        

F2        

F1        

U2        
U1        
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          F 5=
F 1

1−F1∗F3

 

F4=
F 2

F 1
+1

> combined rule 1
  and 2

> 1 + 
F2

F1

F ges  = F 4∗F5  = ( F 2

F 1
+1)  

F 1

1−F1∗F3
 = 

F 1+F 2

1−F 1∗F 3

Example 3 (2. Possibility)

F ges  = (F1+F2)  ( 1
1−F1∗F3)

Note: 

• You could not shift a summing point over a junction point!! Never !!

• You could not shift a junction point over a summing point!! Never !!

• You can shift a summing point over a summing point – no problem

• You can shift a junction point over a junction point – no problem

 OpenOffice.org Rev.4 by Bay 

F3        

F2        

F1        

F1        

1 / F1        

+        

F3        

F2        

F1        

Rule 8 

Left summing point is shifted 
over block F1 and over the right 
summing point.

Summing points could be 
arbitrarily exchanged  (rule 6)
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example BAY59 / A1 (old examination task)

1. Shifting of summing point right (rule 6)

2. Shifting of middle summing point over F3 to the right, add compensation block (rule 8)

 OpenOffice.org Rev.4 by Bay 

F3        

F6        F5        

F4        

F3        F2        F1        

Rule 9
Junction point is shifted in front of F5        

F6        F5        

F3        

F3 + F4        F2        F1 + 1        

F5        

F3        

F5 * F6        

F2 (F3 + F4)        F1 +1        
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F 7=
1

1−F3∗F5
(combination of rule 1 and 4, F3 and F5 are combined with rule 1)

F ges=(F 1+1)
F 2(F 3+F 4)F 7

1−F2(F3+F4)F5∗F6∗F7
=> F ges=

(1+F 1)(F 3+F 4)F 2

1−F3∗F5−F 2(F 3+F 4)F 5∗F 6

Preparation of Regdelph example exercise 1.1:

C=
10 l

min
cm

=
0,01m3

min∗0,01m
=1 m3

min∗m

qa from 0 to 100 l
min

=0,1 m3

min
constant

A = 1 m2

l z = 0,5m

l h = 1m

 OpenOffice.org Rev.4 by Bay 

 Now if time demonstration of simulation program „Regdelph“:

'ftp: studpub/bayerlej/REGDELPH/Regdelph32.exe'
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2.4 Some exercises with simulation program  Regdelph32.exe

 OpenOffice.org Rev.4 by Bay 
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Exercise 2.8 (see file “Exercises2006.pdf”)

F ges=

F1 F2

1+F 1 F 2 F5 F6(F4−
F 3

F 2)
1−

F 1 F 2

1+F1 F 2 F 5 F 6(F 4−
F3

F 2)F5 F7

 =
F 1(F 2 F 4−F3)

1+F1 F 2 F 5 F 6−F 1(F 2 F 4−F 3)F 5 F 7

 OpenOffice.org Rev.4 by Bay 
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Exercises2006.pdf, page 13, Task Bau 3

F 5=
F 1

1+F1
    (Rule 4)

F 6=
F3

1+F 3 F 2 F4
    (Rule 4)

● Shift junction point between red 
F2 and F4 in front of  F2.

F5
1 + F 2 F4 F6

1+ F 2 F 4 F 6 − F 2 F 6

1
1+ F 2 F 4 F 6

1 + dito ∗ F 6

=
F5

1+ F 2 F 4 F 6 − F 2 F 6 + F 5 F 6

=
F 5

1+ F6(F 2 F4 − F 2) + F5 F 6
with F5, F6:

F1

1 + F 1

1 +
F 3

1+ F2 F3 F 4
(F2 F 4 − F 2) +

F1 F3

(1+ F1) (1 + F 2 F 3 F 4)

=
F 1 (1 + F 2 F 3 F 4)

(1+ F1) (1 + F 2 F3 F4) + F 3 (1+ F1) (F 2 F 4 − F2) + F 1 F 3

=
F1 (1+ F2 F 3 F 4)

1 + F 1 + 2 F2 F3 F 4 + 2 F1 F 2 F3 F 4 − F 2 F 3 − F 1 F 2 F 3 + F 1 F 3
with this you get result of this task page 34.

F ges=
F 1(1+F2 F 3 F 4)

(1+F 1)(1−F 2 F 3+2 F 2 F3 F4)+F 1 F 3

 OpenOffice.org Rev.4 by Bay 

Shift junction points in front of F2 

or in front of  F4 & F2 
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different additional possible solution:

F ges =

F 1

1 + F 1

1 +

F 3 (1−
(1+ F1) (F 2 − F 2 F4)

F1 )
1 + F 2 F 3 F 4

F 1

1+ F1

=
F1 (1+ F 2 F 3 F 4)

(1 + F 1) (1 + F 2 F 3 F 4) + F 1 F 3− F 3 (1 + F 1) (F2 − F 2 F 4) ; so this is again the same result!

3. Characterizing of linear system blocks

3.1 Time domain 

 OpenOffice.org Rev.4 by Bay 

2. possibility to solve task Bau 3

F 1

1 + F 1

1 + F 1

F 1
F3 (1 −

(1 + F 1) (F 2− F 2 F 4)
F 1 )

1+ F2 F3 F 4

F 1

1 + F 1

F 1

1 + F 1

F 1

1 + F 1

F 1

1 + F 1
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● The differential equation (DE) describes input / output relation of Xa(t) and Xe(t) for any 
signals

● special input signals:

 unit step function  Xe (t)=  (t)

 unit step response: Xa (t)= h(t) 

● measured with any amplitude:

Xe (t) =X0 *  (t) => Xa (t) = X0 h(t) (measurable)

 normalize to unit step response:

h (t)=
X a(t)

X 0

● Advantage:

● simple step function generator:

● good  DC-information

● Disadvantage:

● power density-spectrum:

 OpenOffice.org Rev.4 by Bay 

Writing of a DE as block

Diagram of unit step function
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(but in control systems we have low frequencies, this does not matter. 1kHz is 
relatively high frequency in our area.)

● Impulse function:

● => This “real” impulse response Xa depends on  system and T !better: ideal 
impulse:

● => Xa „ideal impulse response“ independent of T

● much better: ideal unit impulse  (Dirac-impulse, Delta-impulse)

● [ (t) ] = 1/s  (Attention: the Dirac-impulse has the unit 1/s!!)

● block diagram:

 OpenOffice.org Rev.4 by Bay 

     Real impulse

           ideal impulse

   Ideal unit impulse

Area constant

Area =1
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● g(t) : ideal unit impulse response 

● advantage:

 (t) ⊶ 1 power density = p(f) is constant

● disadvantage:

only theoretical existence, no real dirac impulse can be generated

3.2 Frequency domain

● Laplace transformation:  ℒ {f(t)} = ∫0
∞ f(t) * e-pt dt (limits 0 til ∞)

● In the US-literature the complex frequency p (p =  + j ) is expressed with the 
letter s; I prefer p to avoid mixing up with seconds s / sec.

e.g. PT 1 : 1
1 + 0,2 p

or 1
1 + 0,2 s

Symbol: f(t) ⊶ F(p) Table WB p. 9-11

●  (t) ⊶ 1/p  Unit step

●  (t) ⊶ 1  Dirac-impulse (unit impulse)

● f(t) = t ⊶ 1/p²  Ramp function

 OpenOffice.org Rev.4 by Bay 

mnemonic trick: ⊶ 

filled circle for 

frequency domain

Attention:

the  complex transfer-
functions of table WB p. 16 
are functions in frequency 
domain

Power density for the ideal  
unit impulse
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3.3 Calculation of system responses

● Example:

Sinus: period Tp=2s

Frequency =f = 1/Tp =0.5 Hz

radian frequency ω = 2π f = 3.14 /s

In WB p. 9  row 1.2.k parameter T is used:

ω  = 1
T

 = 2π f  =  2π 1
2s

 = π
s

        => T  = 1S
π

● f (t)  = 1
T 2  * cos[ t

T ]  = 1
T 2  cos (t  1

T )

● f (t)  = 1
T 2  * cos[ t  1

T ]  ⊶  p
1+T 2 p2

● => ue (t )=3V∗cos (ω t) ; U e ( p)=3V * T 2 p
1+T 2 p2

● T = 1 s
π ; (Parameter p.10)

● 2s = Tp = period of the cosine

 OpenOffice.org Rev.4 by Bay 

Switched cosine

Lowpass 1.st order

  2s

Switched  cosine 

It is switched on at t=0

F(p) is complex transfer function
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 Getting F(p) (3 methods)

1. Set up and reduce signal block diagram (s. a.)

2. Complex phasor domain calculation, then j  p

3. Laplace transformation of differential equation

● now use (2) phasor equation voltage divider:

U a

U e
 = 

1
jωC

R+ 1
j ωC

 = 1
1+ p RC

 = F ( p) ; RC = 1k * 1µF = 1ms

U a( p)  = F ( p)∗U e( p)  = 1
1 + p * 1ms⏟

T 1

 * 
3V 1s2

π2 p1

1+1s2

π2⏟
T2

2

p2 ; T1 = 1ms ; T2 = 1s/

● Transformation back into time domain (Inverse transformation ⊷ ):

U a(t )  = 3V∗1s2

π2  ( −1
T 2

2  + T 1
2  e

−t
T 1  + 1

T 2√T 2
2+T 1

2
 * cos( t

T 2
−φ) )

tan φ=
T 1

T 2
; U a(t=0)=0
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Time constant
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3.4 Conversion of DE into complex transfer function

● linear DE / DGL with constant, real coefficients, input xe , output x0

● time domain: (signals in lower case letters)

an
d n x0

d t n + an−1
d n−1 x0

d t n−1 + ... + a1
d x0

d t
+ a0 x0 = bm

d m xe

d tm + ... + b1
d xe

d t
+ b0 xe (1) 

● Conditions: 

● all starting values = zero, that means system in steady state
 i.e. in system all oscillations have stopped

● frequency domain: (signals in upper case letters)

x0(t )⊶ X 0( p) ; xe (t ) ⊶ X e( p)

Transformation of general equation (1) into frequency domain ⊶ :
an pn X 0( p)+ an−1 pn−1 X 0 + ... + a1 p X 0 + a0 X 0( p) = bm pm X e ( p) + ... + b1 p X e ( p) + b0 X e

The transfer function F(p) is resulting in:

F ( p)=
X 0( p)
X e ( p)

  => X 0( p)[an pn+...+a1 p+a0] = X e ( p) [bm pm+...+b1 p+b0]

solved: F ( p)  = 
X 0

X e
 = 

bm pm+...+b1 p+b0

an pn+...+a1 p+a0

3.5 Graphical display of F(p)

● Problem:

● F ( p)=ℜ F ( p)+ jℑ F ( p) ; p=σ+ jω ; ℜ =real part; ℑ =imaginary part
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Plane of time domain

≙ complex transfer function

so the coefficients of F(p) are exactly 
identical to the coefficients of the 
differential equation!! 
(so both have exact identical 
information without any calculation, 
only different writing)
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● A complete graphical display needs 4 dimensions.

● We have only 2D / 3D – graphics so: data reduction necessary.

3.5.1 Polar plot of F()

● If  = 0 , then F(p)  F( ) : this is the complex  frequency response

(diagram in the complex F- plane)

● example 1 

● F(ω) – calculation with voltage divider:

U 2

U1
=

1
jωC

R+ 1
jωC

=
1

1+ jωC R
=

1
1 + pC R

● Or with differential equations:

 OpenOffice.org Rev.4 by Bay 

Plane of frequency p 

complex (p) plane

 indicated with circle around p

Low pass

Polar plot to example 1



 Control System 1 Prof. Dr. Bayerlein 31 of 116 

u1  = i∗R+u2 ;    
i  = C  * 

d u2

dt⏟
voltage change

;    u1⏟
*1b0

 = C R⏟
a1

*
d u2

d t
+ u2⏟

* 1a0

 ⊶  F ( p)  = 1
1+p∗C R

 => F (ω)=
1

1+ jω RC
 = ∣F (ω)∣ e jφ

; p  = jω

=> 
F eck  = F (ω=

1
RC

)  = 1
1+ j⏟

erweitern mit: (1 - j)

= 1− j
2

 = 1
2

 (1− j )

● example 2 (demo f – function (Workbook p. 12-15)

F ( p)= p
p4+0,8 p3+8,74 p2+3,432 p+14,4041

● Programs to calculate and display polar plots :
e.g. Regdelph or Matlab

3.5.2 pole – zero plot 

● F ( p0 i)=0 ; p 0 i  : zero  , m piece, indicated with (m: order of num.)

●

● F ( p∞ i)=∞ ; (denominator zero) pole  p ∞ i  , n piece(n: order of denom)

● example 1: 

no zeros , p∞1=- 1
R C

● example 2: 

1 zero, 4 poles:

● p0 1  = 0

● p ∞ 1,2 = - 0,2 ± j 1,5 
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Polar plot example 2
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● p ∞ 3,4 = -0,2 ± j 2,5

● To stabilize a system all poles have to be placed to the left of the  -axis. 
(as soon as one point is placed to the right of the axis, the system is unstable. One or 
more points on the  -axis represents the borderline case between the stable and 
unstable state, which finally is allocated to the unstable state in control systems)

3.5.3 Mesh plot 

● Phase is omitted. ∣F(p)∣ vertical above the  p-plane!

● Properties (looks like a tent)

(1) At a zero |F| touches the 
ground   [looks like tent-
pegs]

(2) At the poles'  ∣F∣  ∞  
  [looks like tent-poles]

(3) When n>m (that is 
normal) the tent touches 

the ground in case of great  and  .

(4) The sectional area crossing the   -axis is the  amplitude response of the system

(5) A demonstration of the program is added with Windf6 (see  WB page 14 + 15). 
And visualization  with MatLab is possible
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Pole – zero  plot

Coordinate system for amplitude response and phase response
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3.5.4 Amplitude- / phase response in the bode plot

F ( p) →⏟
p  = jω ;σ  = 0

F (ω)  = ∣F (ω)∣e jφ

Bode plot is display of :

  => bode plot

|F|
1 0 10 100 0,1 √2

1
√2

1,12

dB 0dB pole 

(- ∞ )

20dB 40dB - 20dB 3dB - 3dB 1dB

● Advantages of logarithmic -axis:

● improved display of low frequency-information
(above linear axis, below logarithmic axis)

● simple asymptotic construction

advantage  dB-values:
when filtering in series, dB-values are added instead of multiplied 

 OpenOffice.org Rev.4 by Bay 

→ 20dB lg [|F|] versus lg []

→             versus lg [] 

above: linear omega-axis;  below: logarithmic axis
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● Fges = F1 * F2 

lg [F ges]  = lg [F1∗F2]  =  lg [F 1]  + lg [F 2] => bode plots of F1 and F2 
     are added

 attention: this is not the case with lg [ φ], as φ is the exponent of e 

● disadvantages

● DC-case (  = 0) can't be displayed (see table), lg(0) is negative infinity

● measurement: 

u1 = A  sin(ω1t ) ; u2 = B  sin (ω1 t+φ) ; ∣F (ω1)∣ =
B
A
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Symbolic display of F1 * F2

Elementary sketch for the circuit to measure the signal  to get F 

Input signal: red;  output signal: blue
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ω1=2∗π 1
T p1

; φ = 360 ° Δ t
T p1

 ;     here φ  is negative (lag phase)

3.7 Elementary transfer blocks  

● page 16 table of formula / Toolbox (important: print it out; have it as hard copy)

3.7.1 P-block

                    
  

as a damper it is also possible to use a simple voltage divider (K < 1);

● Symbol: 

● Note: 

● R1 in Op-amp-circuit is the input resistance of the circuit

 not too small, so that it doesn't load the source at the input
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RCOP-display of a P-block

Voltage divider

Symbol: P-block

OP functions as inverting 
amplifier, thus inverse 
directions of the arrow u2.

F ( p)  = 
R2

R1
 =  K
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 if it gets too large,  for great amplifications R2 will get too large and the band 
width will get too small (constant gain- bandwidth -product)
=> separate amplification onto 2 simple OA, alternatively take a better (more 
expensive) OA

3.7.2  I–block (Integrator)

F ( p)  = 

1
P C
R

 = 1
p C R⏟

T1

 = 
K 1

p

● TI = Integration constant

● KI = 1 / TI = Unity gain radian frequency

● step function

u1(t)  = U 0σ(t )  ⊶  
U 0

p Phase is constant -90°.

U 2( p) =
U 0

p
*

K 1

p
=

U 0 K 1

p2  ⊷  u2( t) = U 0 K1∗t
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RCOP-display of an integrator

It 's that simple to produce a  step signal
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 in OA: maximum rising speed = Slew rate in Volt/sec :

● bode plot

●
F (ω)  = 

K1

j ω
 = ∣F∣e jφ  = Num ( p)

Denom( p)

● Magnitude:   ∣F∣ = √ℜ2+ℑ2  =  ∣Num (ω)∣
∣Denom (ω)∣

● Phase:    φ  = arctan ℑ
ℜ

 =  φN−φD

● linear display: ∣F (ω)∣=
K1
ω ; 

● logarithmic display: ; 

●  KI = Transit(radian)frequency
Unit               - '' -
gain crossover      - '' -

● numerical example: 

● R =1k  ; C = 1µF ; => TI = 1ms;      KI = 10³ s-1  (don't use Hz in this case)

● fI = 159Hz =
K I

2π ; (transit (unity gain-) frequency)
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Step response of the integrator

u2

t
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●
u1( t)=1V∗sin(ωx t)

●
u2(t)=B∗sin (ωx t−90 ° )

●
B=∣F (ωx)∣∗1V

B=
K 1
ωx

∗1V

Function Demo F 

(see Workbook page 12-15)

F ( p)= p
p4+0,8 p3+8,74 p2+3,432 p+14,4041

 demonstration of “DemoF” and of a different band-pass filter in Regdelph and Windf6

=> The circle with radius in the complex panel is the 0dB – line.

3.7.3  D-block (Differentiating block)

●
F ( p)  = R

1
pC

 = p * RC⏟
T D

 = p K D
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RCOP-circuit: D-block

B =∣F (ωx)∣∗ 1V =
K1
ωx

∗ 1V = 103 s−1

2π103 s−1 ∗ 1V = 1V
2π

= 0,159 V = 159mV
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u1( t)  = U 0*  σ (t)  ⊶ 
U 0

p ; (step function)

U 2( p)  = 
U 0

p
 p K D  = U 0 K D *  1  ⊷  u2( t)  =  U 0 K D  δ( t)⏟

Diracstoß-Generator

=>  (theoretically) we have invented the Dirac-pulse-generator .
 A differentiated step function results in the  Dirac-pulse.

● Warning:
D-blocks don't have to be provided with steps at the input, 
Else: Measurement ≠ Theory

 Even programs like Regdelph can't deal with Dirac-pulse.

● Symbol D-block: (attention with Regdelph)

3.7.4 PT1-behavior

● T1:  lag with one time constant (≙ low-pass 1. order, T2 would be 2. order)

 OpenOffice.org Rev.4 by Bay 

→ Ucc = 15V = V supply voltage

→ The  voltage decreases 
exponentially 

D-block: theory: green;    real: red

D-block (symbol)

RCOP-display of a PT1-block
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●

F ( p)  = 
U 2

U 1
 = 

R2* 1
pC

R2+
1

pC
R1

 = 
R2

R1⏟
k

 1
1+ pC R2⏟

T

● with: 
R2

R1
≙ K  (gain value , DC-gain respectively voltage gain)

● and C R2 ≙ T  (time constant)

● u2(t) = K U 0(1−e
−t
T ) ; 

● This is not the unit step response, because step amplitude is U0 !! 
[ → unit step response: page 16 without U0]

● symbol PT1: 

● bode plot:

● F ( p)  →  F ( jω) =
K

1+ jωT

● ∣F∣ = ∣N∣
∣D∣

 = K
√1+(ωT )2
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Tangential construction:line of dashes
true behavior: red   (after 5 time constants the error is  < 1%)

PT1 (symbol)
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● φ = φN−φD = 00−arctan [ωT ]

● Variation of K:

• The magnitude curve is shifted up or down, nevertheless it maintains its shape.

• The phase curve remains unchanged.

● Variation of T:

• The magnitude curve is shifted to the left (T increases) or to the right 
respectively maintaining its shape.

• The phase curve is shifted the same way (right / left).

● All PT1 have the same shape of bode plot, only position changes with K and T

● e =
1
T = cut-off frequency or corner frequency

●
K
T

= transit frequency

● asymptotic construction

● ∣F (ω→∞)∣ = K
ωT ; ∣F (ω→0)∣ = K (constant) 

● ∣F (ω=1 /T )∣ = K
√2

 = −3dB (value at corner frequency )

● Note: the  T in the drawing has nothing to do with the period of a signal, but is a 
feature/ property of the  PT1-block called time constant.
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 Magnitude curve:  PT1-block
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● In addition,  sometimes  “– 1dB- difference points” are used at frequencies with
1

2 T and
2
T , which each keep a distance of  an octave between

1
T .

(indicated only by orange lines of dashes here ).

3.7.5  PD + PDT 1

● Circuit: (e.g.  Used as controller in the hanging ball in magnetic field)

 (➔ PD should never be used with a step function at input → Dirac pulse output)

R3 = 0 => PD

●

F ( p)  = 
U 2

U 1
 = 

R2

R1(R3+
1

pC )
R1+R3+

1
pC

 = 
R2

R1⏟
K

 
1+ pC (R1+R3)⏞

T D

1+p C R3⏟
T1

● K=
R2

R1

●
T D=C (R1+R3)

●
T 1=C R3

● WB page 16, line 12
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RCOP-display: PD + PDT1
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● s t  =  
T D

T 1
      [Step depth] ;  PD:  st  ∞ 

● K = gain value
 = DC-gain

● step response:

● U 2( p) =
U 0

p
* K

1+ pT D

1+pT 1
  ⊷   u2( t)  =  U 0 K [1+T D−T 1

T 1
e

- t
T1 ] ; 

● u2(0)  = (1+
T D−T 1

T 1
 e

t
T 1)  ∗ U 0 K  = U 0 K

T D

T 1⏟
s t

 = U 0 K s t

● u2(∞)=U 0 K Note: Starting pulse is with st larger than final value

blue: PD

red: PDT1

R3 = 0  => PD Dirac-pulse (with a true OA the  slew-rate has to be 
considered)

● PD is an special case of the  PDT1 with:
 R3 = 0 ;  st  ∞ 
 => F(p) = K (1 + p TD)
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Step response of a PDT1-block

row 1.2.b in the
table page WB 
10

  U 0  K  st

  U 0  K 
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● symbol: (with ideal properties not realizable)

● variation of the  step depth: 

st type / Name

∞ PD

> 1 PDT1  (lead block), Pre-emphasis (in telecommunications engineering)

= 1 P 

< 1 PDT1  (lag block), De-emphasis (in telecommunications engineering)

0 PT1, WB page 16 ;  line 2

“=-1” Allpass WB page 16 ;  line 16
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PD (symbol)

RCOP-display of a  PDT1-block Step response of a  PDT1-block for st < 1

PDT1-control composed of PD- and PT1-blocks

    U 0  K

  U 0  K  st

K

K K
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bode plot: 

● mean / average values with logarithmic axis:

●
lgω1+lgω2

2
 =  

lg [ω1ω2]
2

 = 1
2

 lg [ω1ω2]   =  lg √ω1ω2⏟
geometrical average

● At max the  phase curve has its maximum value

● At st > 1  maximum

● At st < 1  minimum

st max

1 0°

2 19,5°

4 36,9°

10 54,9°

∞ 90°

½ - 19,5°

0,1 - 54,9°
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Display in bode plot (magnitude response)
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3.7.6  deleted

  3.7.7 PI-controller    

F ( p) =
R2+

1
pC

R1
=

R2

R1⏟
K R

+
1

p C R1⏟
T I

=
pC R1 R2

pC R1
2  + 

R1

pC R1
2 =

R1 + pC R1 R2

pC R1
2 =

1  + pC R2

pC R1
with

=

R2

R1
+ pC

R2
2

R1

pC
R1 R2

R1

=
R2

R1

1+ p C R2⏞
T N

p C R2
                                                                         

● K R =
R2

R1
= control gain

● TN = C R2 = reset time

● TI = C R1 = integration time constant

● step response:

 OpenOffice.org Rev.4 by Bay 

PI-controller: RCOP-circuit PI-controller: composed of P- and I-block

Step response PI-controller

  K R
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1. Project in control systems: Cruise control

● steps:

● Define hardware

● Make a process analysis

● Controller design

● Analysis of the reference - and disturbance behavior

● Optimization 

● 1. Hardware

● Speed Sensor: v → UV  with v is the speed

● Actuator: UP → P  with P is the power of the motor

● 2. Process – analysis:

 influencing aspects e. g. :

● mass of the car  (→ inertia of masses )

● power of a motor

 OpenOffice.org Rev.4 by Bay 

This sketch shows a car

Where should I get the  
appropriate DE ?

symbol: PI-controller
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● friction of the air

● wheel friction

=> better: a simpler experimental procedure: measurement of step response

➔ step function at input

● We expect the step response look like that:

→ look at the table on page16
    => great similarity with a PT1 – block

 

● K  extracted: K  = 100 km /h
40 kW

 = 2,5 km /h
kW

● T  extracted: T = 10 s      →  extracted with tangent method

 OpenOffice.org Rev.4 by Bay 

Step response of a PT1-block

Symbol of a  
PT1-block

40kW step

Numerical example
(fits to an old  VW-van)
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● 3. Analysis of the reference – and disturbance behavior

● Mr. Bayerlein's choice:  PI – controller (at first without any explanation).

● Now free choice of KR and TN :
→ optimized for quick start at the traffic light from 0 to 50 km/h

● F R  = K R  
1 + P T N

pT N
; F S  = K  1

1+ pT

● reference transfer function: (reaction of speed v caused by a step at w)

F W  = 
F R F S

1+F R F S
 = 

K R

1+p T N

p T N
 * K  1

1+ p T
1+F R  * F S

● ➔ now choice of TN with pole compensation (from experience)
=> TN = T = 10s  Zero of controller compensates or eliminates the pole 

of the process!)

● reference behavior:

F W  = 

K R K
pT N

1+
K R K
pT N

 = 
K R K

p T N+K R K

● normalizing:

F W ( p)  = 1  ⏞
KW

1+ p
T N

K R K⏟
TW

    ;

• KW = 1  (results from the calculation above with the variables, 

 OpenOffice.org Rev.4 by Bay 

First simple signal  block diagram  for the cruise  
control

Now calculate step response

➔ which block- behavior it this ??

     => again PT1 – block
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i.e. caused by using a PI-controller)

• T W =
T N

K R K
= 10 s

K R K

● reference step response: (what does speed v, if w  is switched from 0 → 50km/h)

• copy from: page 16,  line 2 

• set value w switched  from = 0 → 50km/h

● TW can be chosen arbitrarily !  (Porsche Killer)

 choice:  TW = 1s

● calculated with this choice:

T W  = 
T N

K R K
 = 1s ; => 

K R  = 
T N

1s  * K
 = 10 s

1 s  * 2,5 km / h
kW

 = 4 kWh
km

● question:

How much power is needed?
Calculate the power curve p(t) with the above step  (set value: 0 → 50km/h)

● power transfer function:

F P ( p)  = P( p)
W ( p)

 = 
F R

1+F R F S
 = 

K R  
1+ p  T N

p  T N

1+
K R  (1+ pT N )

p T N
 * K

1+ p T

⏞
T  = T N

 = 
K R  (1+ p  T N )
p  T N+K R  K

● standardizing: 
1
K⏟
K P

  
1  + p  T N

1  + p
T N

K R  K⏟
T W

⏞
PDT1
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Again step response of a PT1-block

(TW is a free choice by a corresponding  free 
choice KR) 
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power curve from page 16, line 12

K P  = 1
K

To actually accelerate in 1s from 0 to 50km/h (and to keep TW = 1s ) a motor power of 
200kW would be necessary (the 5 fold of the present motor power of 40 kW).

● repetition: 

● properties at TN = T (pole compensation)

• no error signal after transient time

• arbitrarily fast

• the faster, the higher the power peak

Disturbance behavior of the  cruise control

→ most peculiar / standard function of the control system
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Step response of a PDT1 controller

Signal power diagram extended by a disturbance  
variable

p(t)

t
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● fictional disturbance power:

● The mountain is applied as a simplified step function onto the input Z .

● The math formulas need input values of 0.

=> calculate the response on the mountain, then overlay the drive with 100km/h. 
This results in a drive of 100km/h on the mountain.

● Step on the mountain: z (t )  = PZ  * σ (t)  is applied  PZ = - 20kW to the input Z.

● disturbance- transfer function  for this (taking w = 0):

F Z ( p)  = V ( p)
Z ( p)

 = 
F S

1−(-)F R F S
 = 

K
1+ pT

1+
K R(1+pT N)

pT N
 * K

1+ pT

=> F Z  = 
K pT N

pT N (1+ pT )+K R K (1+ pT )
 = 

K pT N

K R K+ p(T N+T K R K )+p2T N T
;  mit T N=T

due to the table of formulas on page 16, line 8, we receive the following DT2 – behavior:

F Z ( p)  = 
p

T N

K R

1+pT N( 1
K R K

+1)+ p2 T 2

K R K

 DT2

● since PZ < 0 → step response goes down.
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Simplified mountain (without crossover)

DT2 (page 16, line 8)
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● V as response to the step Z(t) = PZ σ(t) is the step response of DT2 (see page 16, 
line 8)

● On WB page 18 + 19  DT2 is described in all detail. On this page you find 
equations for the first maximum.

● Numerical example:

● KR = 4

● T = TN = 10s

● K = 2,5

● => tm= 2,56s

● => Vm = 3,87km/h

● The  Cruise control reacts sufficiently fast, 
error signal is 0 again after some latency
=> o.k

● Regdelph – simulation as demonstration

10.11.05

3.7.8+9 PID + PIDT1 – block 

● all info see WB page 20 +21

F ( p)  = 
K R(1+ pT N)⏞

PI

 (1+pT V )⏞
PD

pT N  (1+ pT 1)⏟
PT1⏟

Bodeform

 = 
K  (1  + 1

pT I
 + pT D)

1+pT 1⏟
Summenform

 OpenOffice.org Rev.4 by Bay 

Reaction of the car during mountain drive with  
activated cruise control

KR = control amplification

to change KR only the resistance values 
in the  OPV – wiring have to be altered.

With a  KR of e.g. 40 an almost ideal 
„Kavaliersstart“ can be controlled. The 
cruise control goes under full power up 
to just below the target speed.

If KR is increased further the system 
starts to oscillate => chaos.
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• PI  : 
K R(1+ pT N)

pT N

•
PD  : (1+ pT V )

•
PT1  : (1+ pT 1)

• PDT1 = PD + PT1

• PID = PI + PD

● conversion of Bode form  < -- > Parallel form

• page WB 21 bottom

• z.B.   K  = 
K R(T N+T V )

T N

•  T I  = T N+T V

•  T D  = 
T N T V

T N+T V

● Unit step response (don't mix up T1 with TI)

• h (t)= K [ t − T 1

T I
+ 1 +(T D

T 1
− 1 +

T 1

T I ) e
−

t
T1 ]

• h (t=0)  = K
T D

T 1
 = 

K R(T N+T V )
T N

 * 
T N T V

T N+T V
 * 1

T 1
 = K R  * 

T V

T 1

• step depth:

 st  = 
T V

T 1
not:

T D

T 1
!!

•
h (t=0)  = K R s t

 OpenOffice.org Rev.4 by Bay 

PIDT1 assembled out of:  PI, PD and PT1
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special case PID : T1 = 0 => st → ∞ 

of course not realizable

Bode plot:

In control systems always is: T N>T V>T 1

● The phase value is calculated as follows:
φ  = −90°+arctan[ωT N ]+arctan [ωT V ]−arctan [ωT 1]

● pole compensation
• T N : greatest time constant of the process
• T V : second greatest time constant of the process

 OpenOffice.org Rev.4 by Bay 

Standard step response PIDT1

Block diagram:  for PIDT1 out of PID & PT1  
Symbol:  PIDT1

Magnitude plot PIDT1

 |F|
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  3.7.10  delay time block (delay)

● true delay (i.e. Delay without change of signal)

● no OP – circuit possible

● examples:

• transport of material

• water transport in central heating

• conveyor belt 

• delay times of signal transmissions (with light speed)
with digital sampling systems we have always delay times

• T t  = 
T 0

2
 +T calculation    (T 0  = sampling time)

F ( p)  = e−p T t⏟
shift operator

∣F (ω)∣ = ∣e− j ωT t∣
            =  ∣cos(− jωT t)+ j sin(− jωT t)∣ = 1
F (ω)  = e− jωT t  = e jφ

φ  = −ωT t                  (rad )          => the phase is proportional to frequency

φ  = −ωT t
180°
π        (degree)

 OpenOffice.org Rev.4 by Bay 

Standard step response delay time block  
(WB page16, line 15)

Model for delay time Symbol: dead  
time block
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● 3.7.11 and 3.7.12 canceled

3.7.13  PT2 – behavior  (resonance systems)

● System 2.nd order: see WB page 22-24

● Each closed loop  generally behaves similarly to a PT2 – block

● RCOP – circuit ( only resistances, capacitors and OA)

●
F ( p)  = K

1+2 d
ω0

p+ 1
ω0

2 p2    converted into 2 PT1 : F P =
K

(1+T 1 p)(1+T 2 p)

• K: DC – gain,   0:natural radian frequency,  d: relative damping

 OpenOffice.org Rev.4 by Bay 

Bode plot phase  (page 16, line 15)

Display of a  PT2-block as RCOP-circuit

n, m  →  multiples (arbitrarily real 
numbers)

K = m

ω0  = 1
C R

 * 1
√n m

d  = 1
2

 √ n
m

 (2m+1)

m = K

C R  = 1
ω0

 * 1
√n m

n  = ( 2d
2 K+1)

2

 * K

note:

if the sin-signal has 
the radian frequency 
of /Tt the output is 
inverted (-180°) (as 
displayed).

(only possible if d ≥ 1)
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● step response:    (see WB page 23)

● Attention: When d  1 ,  a PT2 has to be converted into 2 PT1 

   

T 1,2  = 1
ω0

(d±√d 2−1) T1 and T2 must be real and positive

● Resonance behavior:

•
d<1:    h( t)  = K [1− e−d ω0 t

√1−d 2⏟
envelope

 * sin(ω0√1−d 2t  + arctan √1−d 2

d )]
● aperiodic creeping:

• d>1:    h( t)  = K [1− T 1

T 1−T 2
 e

−
t

T 1  - 
T 2

T 2−T 1
 e

−
t

T 2 ]

Endwert=final value= steady state

● maximum:
tmax  = π

ω0√1−d 2 <=>
ω0  = π

tmax  √1−d 2

● relative overshoot:

 OpenOffice.org Rev.4 by Bay 

PT2 displayed by 2PT1

d = 1
doesn't occur in practical 
operation, called critically 
damped

Step response PT2 
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ü  = Δ h
final value

 = e
− π d

√1−d 2  <=> d  = −ln  ü
√π2+ln2  ü  

● K = final value, if unit step response

● examples:

d ü / % notes

0 100% Non damped oscillation

0,7071 4,321% ideal damping for pointer instruments

0,591 10%

0,826 1%

1 0% Critically damped 

> 1 - No overshoot, “creeping”

ü  = 
Δh1

K
 = 

Δh2

Δ h1
 = 

Δh3

Δ h2
≙ log decrement

● Bode plot WB page 22:

●

∣F (ω)∣ = K

√(1−ω2

ω0
2)

2

+( 2d ω
ω0 )

2

   ; φ=−  arctan  

2 d ω
ω0

1−( ωω0 )
2
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Step response PT2 with d<0,2

Attention!

Quadrant problem with pocket calculators.
When  > 0  the result of  φ   has to be 
between -90° and -180°.
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Optimal damping of a closed loop

● definition of rise time (tan) – and settling time (taus)

• marking of tolerance: ± Δ h

• relative tolerance band: ± Δ h
final value

 * 100%

• optimal damping:
when overshoot (ü) of the  FSA equals the  tolerance band 

• with PT2: d =
−ln ü

√π2+ln2ü

 OpenOffice.org Rev.4 by Bay 

RSR (reference step response, FSA in German) of a  standard-
closed loop with FR (controller) and Fs (process)

reference step response (RSR or FSA) of a  PT2:
 1)  green: general
 2) blue: optimal damping with corresponding tolerance band



 Control System 1 Prof. Dr. Bayerlein 61 of 116 

Project  2: Temperature Control system with a fan heater

● description see WB page 25-32

1.Step: Hardware

• process: Pmax = 1700W

• UT: 0°C   0V   (thermometer)
100°C   10V

• KT = 0,1V / °C  (gain)

• actuator:

 voltage controlled power amp
 Triac, phase control  (Dimmer):

 OpenOffice.org Rev.4 by Bay 

First implementation of the  system into a block diagram

principle of the  phase control

sketch of the  hardware
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UP: 0V    0W
10V  1700W

• KP = 170 W / K  (gain)

2. Step: Identification of the process

• wanted:
model of the process including sensor & actuator

• measurement of the process step response  (PSR):

• On WB page 27 you find the offset–cleaned standard step response

● model set up with Windfc#:

• T1 = 12,04s

• T2 = 1,47s

• K  = 0,73

● demonstration of temperature-control

 OpenOffice.org Rev.4 by Bay 

sketch of the  PSR of the  System with offset-voltage

 model of control process (2 PT1 = PT2)  
found by Windf c#
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PIDT1- Controller design

Method: „flash control design“

➔ see WB page 33(Bayerlein nomenclature), results we get as fast as a “flash”

(1) choice of controller time constants with  pole compensation 

TN = greatest process – time constant = T1 = 10s (rounded)

TV = second greatest process –  time constant  = T2 = 1s  (rounded)

Now KR and st can still be chosen arbitrarily 

F W  = x ( p)
W ( p)

 = 
F R FS

1 + F R F S
= 

K R (1+ pT N)(1 + pT V )

pT N (1 + p
T V

st
)

∗ K
(1 + pT 1)(1 + p T 2)

1 +
K R (1+ pT N)(1 + pT V )

pT N (1 + p
T V

st
)

∗
K

(1 + pT 1)(1 + pT 2)

= 
K R K

pT N (1 + p
T V

st
)+ K R K

 = 1

1 + p
T N

K R K⏟
2d
ω0

+ p2 T N T V

st K R K⏟
1
ω0

2
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Block diagram, which results from  process identification and determination of the  
controller 

Due to the  I-rate of the  PIDT1-controller it is possible that the 
final value is reached without error signal.
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(ü
tm)⏟

Parameter der Spezifikation

→⏟
Seite 17 ( d

ω0)⏟
PT2Parameter

→⏟
Seite 46 (K R

St )⏟
Realisierung

d  = −ln ü
√π2+ln2 ü ;

ω0  = π
tm√1−d 2

  ü, t m are being set  =>  see the product specifications 
    now you can calculate, how the device/ controller should be designed.

● flash control design presumes pole compensation !!

3.8 deleted

3.9 Calculation of the Bode plot of complete closed loops

3.9.1 Method of approximation

• F 0  = F R  F S  F M (open loop function contains all functions)

 OpenOffice.org Rev.4 by Bay 

reference step response of the system (here case of PT2)

Display of a closed loop  (Fw)
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• F 0 :  open loop total transfer function
● only the bode plot of F 0 () is known
● the bode plot of the complete closed loop F W () is wanted

F W ( p)  = 
F0( p)

1+F 0( p)

● approximation:

F W (ω)  = 
F 0(ω)

1+F 0(ω)

1. ∣F 0(ω)∣≫1     =>  FW (ω)  ≈  1 ➔ very good control effect
2. ∣F 0(ω)∣≪1     =>  FW (ω)  ≈  F 0(ω) ➔ no control effect

●  magnitude curve |F0|  is„cut off“ at 0dB by negative feedback
● error valuation of the approximation:

if |F 0 ()| > 20dB
=> error < 10% ≙ 1,1 ≙ 0,83dB

0,9 ≙ – 0,83dB

● Thus, in case of
1. |F0| > 20dB ➔ error in FW < 1dB o.k.
2. |F0| < – 20dB ➔ error in FW < 1dB o.k.

● Apart from this, the  „Nichols – formula “ have to be used

 OpenOffice.org Rev.4 by Bay 

Different areas on the magnitude curve
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3.9.2 Nichols formula

➔ see WB page 34

• F W (ω)  = 
F 0(ω)

1+F 0(ω) ; → F 0(ω)  = ∣F0(ω)∣⏟
¿magnitude curve

∗ e jφ0⏞
¿ phasencurve

∣F W (ω)∣ = ∣F 0∣
√1+2∣F0∣cosφ0+∣F 0

2∣ ; → φW  = arctan
sinφ0

cos (φ0)+∣F0∣

• attention: |F0| do not use the  dB–value, but the factor

example Ex 3.22 (from exercises2006.pdf)

 (task depot on page 7 and answers on page 22)

• T1 = 0,3s

• T2 = 0,2s

• T3 = 0,05s

• K = 10 ≙ 20dB

● the bode plots of the individual components have to be summed up

● bode plot of an open loop

 OpenOffice.org Rev.4 by Bay 

Given block diagram
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● either asymptotic drawing as a sketch diagram

• Drawn on scale paper you could find a relatively precise answer

● or by using Nichols – formula: 

• calculate open  RK 

• ∣F 0∣ = 10

√1+(ωT 1)
2  √1+(ωT 2)

2  √1+(ωT 3)
2

•
φ0 = − arctan (ωT 1)− arctan (ωT 2) − arctan (ωT 3)

 
|F0|

dB
 0   [ °]

|F W ()|

dB
 W    [ °]

0,1 9,99 19,99 – 3,15 0,909 -0,823 –0,2866

1 9,38 19,44 – 30,87 0,915 -0,77 – 2,87

10 1,26 2,04 – 161,6 2,83 9,03 – 44,99

100 0,0033 – 49,63 – 253,9 0,0033 -49,7 – 254,1

• complete closed loop with Nichols-formula (see results in exercise pdf as well)

• ∣F W (ω)∣=
∣F 0∣

√1 + 2 ∣F0∣ cosφ0 + ∣F 0∣
2

• φW = arctan
sin φ0

cosφ0 +∣F 0∣

• curves|F0| and |FW| of this task see page A1 / 27  &  A1 / 28 (answer)
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Sketch as approach solution
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4. Stability

4.1 Definition

● Examples of impulse responses

● A system is only stable, if the final value of impulse response is g(t-->∞) = 0 

Hence the system has to return to its original state after an arbitrarily long lasting 
period of time.

● question:
is an integrator stable?  With this definition it is not!

4.2 Criteria for stability 

➔ see WB page 35     

● F(p) transfer function of the system is given

δ(t )  ⊶  1 (Dirac-impulse)

 OpenOffice.org Rev.4 by Bay 

Impulse response of an integrator 

Symbolization of the three fundamental kinds of  
systems 

stable instable

(too great an 
amplification e.g. 
regenerative 
feedback)The three fundamental kinds of impulse responses are displayed

instable
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G( p)  = F ( p)  * 1⏟
Impulse

function

G( p)⊷g (t)
←

 ⊶  
 

 F ( p)  = 
bm  pm  + ... + b1  p  + b0

an  pn  + ... + a1  p  + a0

                                                 

                       = ⏟
frac exp , if all poles different

   
A1

p  - p∞1
 + 

A2

p  - p∞ 2
 + ... + 

An

p  - p∞n

expansion into partial fractions: the  Ai are called residues and are real numbers

● => g ( t)  = A1  e+p∞1 t  + ... + An  e+p∞n t
; 

g ( t→∞)= 0

● Example 1

F ( p)  = K
1  + p T ;

1  + p∞1T  = 0      => p∞1  = −  1
T

 ;  (stable only if T >0)

• Take the  denominator of the transfer function and set it = 0 (pole). Then solve 
to  p . Calc. T under the condition that p ∞1 < 0 . Possible up to two poles.

● Example 2

F neu  = 

K
1  + p T

1  - K
1  + pT

 = K
1  + pT  - K

pole place:  1 + p ∞ 1  T – K = 0
p ∞ 1 T = K – 1
     p∞ 1= (K – 1) / T
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symbol PT1

PT1 with positive feedback

Stable only if all real parts of all poles are negative 
(or: if all poles are located on the left p-half-plane)
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p∞1  = K  - 1
T⏟
< 0

; stable, if: a) K > 1;  T < 0

 b) K < 1;  T > 0

Example Ü 3.22

F W  = 
K  1

1  + p  T 1
 * 1

1  + p  T 2
 * 1

1  + p  T 3

1  + K  1
1  + pT 1

 * 1
1  + pT 2

 * 1
1  + pT 3

  =  K
K  + (1  + pT 1)  (1  + pT 2)  (1  + pT 3)

(zero search is very complicated but possible with general coefficients for n = 3 ;

       ➜ for n > 3 impossible)

Hurwitz criterion  

● When zeros can't be calculated, the  Hurwitz criterion might help 
(see WB page 35)

● Zero-Search → calculation of determinants provides signs of the poles' real parts  

● 1. example

e.g. rocket:

F  = m a  = m ẍ    => x  = 1
m∬ F dt dt

F W  = 
F 0

1  + F0
 = 

K  * 
K1

p
 * 

K 2

p

1  + 
K  K1  K 2

p2

 = 
K 1  K 2  K

p2  + K  K1  K 2
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excercise 3.22                   -> Stable for which K??

Example with  2 integrators  => n = 2
rocket
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● Since c1 is missing, the system for all K is unstable

• c2 = 1

• c1 = 0

• c0 = K * K1 * K2

● 2nd  example  Ex. 4.1a

• F W  = 
N W

DW
; DW ( p)  = p3  + 6 p2  + 12 p  + 8  = ( p  + 2)3

• c3 = 1

• c2 = 6

• c1 = 12

• c0 = 8

• Hurwitz (1) all c i are positive and ≠ 0 => n = 3

• (2) H 3  = ∣6 8 0
1 12 0
0 6 8∣ = 0  ∣1 12

0 6 ∣ - 0  ∣6 8
0 6∣ + 8  ∣6 8

1 12∣ = 8(6∗12  - 1∗8)   > 0

• (3) H 2  = ∣6 8
1 12∣  > 0

• => stable 

● comparison with poles:
p ∞ 1,  2,  3 = –2

● Exercise using the  Hurwitz criterion

● Ex 4.1.b 

DW ( p)  = p4  + 2 p3  + 2p2  + 10 p  + 25 ; n = 4 => 4 x 4 matrix

=> H 4  = ∣ 2 10 0 0
1 2 25 0
0 2 10 0
0 1 2 25

 ∣
 OpenOffice.org Rev.4 by Bay 

--> odd exponents
-->even exponents (incl. 0)

     --> s.a.  shifted to the right by one position
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• (1) all ci pos. and ≠ 0
• (2) For the  determinant of the  4 x 4 matrix a 3 x 3 matrix needs to be calculated at 

least. But we will start with simpler steps!
• (3) „north-west“ minor determinant:

•    H1 = 2 > 0 --> H 1 = utmost ''north-west'' possibility, i.e. 1 x 1 matrix

• H 2  = ∣ 2 10
1 2

 ∣ = −6  < 0       => system is unstable

• check with pole place criterion:

P∞1,2  = −2  ± j  ;         P∞3, 4  = 1⏟
unstable !

 ±  j∗2
;(positive real part is „prohibited“)

→ pole place are best determined by the  Newton–procedure
● Ex. 4.1.c

DW ( p)  = p4  + 2 p3  + 3 p2  + 2 p  + 2 ; n = 4

H 4  = ∣ 2 2 0 0
1 3 2 0
0 2 2 0
0 1 3 2

 ∣
• (1) all ci are positive and ≠ 0
• (3) north-west minor determinants:

•
H 1  = 2   > 0

• H 2  = ∣ 2 2
1 3

 ∣ = 2∗3  - 1∗2  = 4   > 0

•
H 3  = ∣ 2 2 0

1 3 2
0 2 2

 ∣ = 2∗3∗2  + 2∗2∗0  + 0∗1∗2  - 0∗3∗0  - 2∗2∗2  - 2∗1∗2

                              = 12  - 8  - 4   = 0             => unstable

H4 = 2 * H3    => no new information

• pole places to compare:

p∞1,2  = −1  ± j ; p∞3, 4  = 0  ± j ;   (pole on the  j - axis)

 OpenOffice.org Rev.4 by Bay 
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● Example 3.22 stable for which K ? (Ü 4.3)

F W ( p)  = 
F0

1  + F 0
 = 

K
(1  + pT 1)  (1  + pT 2)  (1  + p T )

1  + K
(1  + pT 1)  (1  + pT 2)  (1  + pT )

 = K
K  + (1  + pT 1)  (1  + pT 2)  (1  + pT 3)

• denominator of the transfer function (of the complete system, thus process and 
controller and feedback) needs to be multiplied out and sorted according to powers 
of p:

 OpenOffice.org Rev.4 by Bay 

Hurwitz criterion for a polynomial 3rd degree

● The general principle is: 
Hn = c0 * Hn-1 ; when Hn-1 fulfills Hurwitz , this is also true for Hn

● general solution for systems of  3rd degree
DW ( p)  = c3 p3  + c2 p2  + c1 p  + c0

● stable if and only if:

• all ci have the same sign and  ≠ 0

• c2 c1 > c0 c3

H 3  = ∣ c2 c0 0
c3 c1 0
0 c2 c0

 ∣ = c0  * ∣ c2 c0

c3 c1

 ∣ = c0  (c2 c1  - c0 c3)

Block diagram Ex 3.22 (page7; bzw.A1/6)
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N W ( p)  = K  + (1  + pT 1)  (1  + pT 2)  (1  + pT 3)                                                              
            = K  + (1  + pT 2  + pT 1  + p2T 1 T 2)  (1  + pT 3)
            = K  + 1  + pT 2  + pT 1  + p2 T 1T 2  + pT 3  + p2 T 3T 2  + p2T 1T 2  + p3 T 1T 2T 3

            = K  + 1  + p (T 1 + T 2  + T 3)  + p2(T 1T 2  + T 3T 2  + T 1 T 3)  + p3 T 1T 2T 3

            = T 1T 2T 3⏟
c3

p3  + p2(T 1T 2  + T 3T 2  + T 1T 3⏟
c2

)  + p (T 1  + T 2  + T 3⏟
c1

)  + K  + 1⏟
c0

● condition: T 1 ;T 2 ;T 3  > 0

→ thus c1 ;c2 ;c3 are uniquely defined positive 
→ c0  > 0 is a must !
=> K + 1 > 0 ; K > - 1 (lower limit for K)

● additional condition: c1c2  > c0 c3

• (T 1 + T 2 + T 3) (T 1T 2 + T 2T 3 + T 3 T 1) > (K + 1) T 1 T 2 T 3          ∣∗ 1
T 1T 2 T 3

=>
(T 1 + T 2 + T 3) (T 1T 2 + T 2T 3 + T 2T 3)

T 1T 2T 3
> K + 1

=>
(T 1 + T 2 + T 3) ( 1

T 1
+

1
T 2

+
1
T 3)− 1

⏟
K limit

> K ;

• At points – 1 and Klimt the system is indifferent
● numerical example:

• T1 = 0,2
T2 = 0,3
T3 = 0,05

•
K grenz  = −1  + (0,55)  (28,33)  = 14,58
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Ex 3.22:  stability range on the K-axis

Upper limit for K



 Control System 1 Prof. Dr. Bayerlein 75 of 116 

● Variation 2 of this task

➔ For which K is the above system stable, if one of the time constants is negative?

• T1 < 0 ;   T2 ;  T3 > 0
• T1 = - |T1|
• all c0 until c3 have to have the same sign:

c3 is negative, thus c0 ,  c1 ;  c2  also have to be negative

• denominator: 
DW ( p)  = T 1 T 2T 3 p3  + p2(T 1 T 2  + T 3 T 2  + T 1T 3)  + p (T 1  + T 2  + T 3)  + K  + 1

• c3 is negative, because  -|T1| T2 T3 <0
=> c2 ,  c1 ,  c0 also have to be negative

• c0 < 0 => K + 1 < 0 => K < -1

• c1 < 0 => T1 + T2 + T3 < 0 => -|T1| < -T2 – T3 |* (-1)
  |T1| > T2 + T3

• c2 < 0 => T1 T2 + T1 T3 + T2 T3 < 0
 T1 (T2 + T3) + T2 T3 < 0

 −∣T 1∣ <
−T 2T 3

T 2 + T 3
           ∣ ∗(−1)

    ∣T 1∣ >
T 2T 3

T 2 + T 3

● New values:
• T1 = - 0,3
• T2 = 0,2
• T3 = 0,05

 OpenOffice.org Rev.4 by Bay 
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• |0,3| > 0,2 + 0,05 

• ∣0,3∣ > 0,2  * 0,05
0,2  + 0,05

 = 0,04  

● Hurwitz: 

(T 1  + T 2  + T 3)  (T 1 T 2  + T 2 T 3  + T 1T 3)  > (K  + 1)  T 1⏟
negativ

T 2T 3             ∣ * 1
T 1T 2 T 3

(T 1  + T 2  + T 3)  ( 1
T 1

 + 1
T 2

 + 1
T 3)        < ⏟

attention

K  + 1

K  + 1  > (T 1  + T 2  + T 3)  ( 1
T 1

 + 1
T 2

 + 1
T 3)

K   > −1  + (T 1  + T 2  + T 3)  ( 1
T 1

 + 1
T 2

 + 1
T 3)

=>   K grenz  = −1  + (−0,3  + 0,2  + 0,05)  ( 1
−0,3

 + 1
0,2

 + 1
0,05) = −2,083

 OpenOffice.org Rev.4 by Bay 

Ex 3.22 V2 (strange, only here stable for pos feedback!):  
stability range on K-axis

Fraction is negative, 
since T1  is negative 
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Test of the stability analysis with Hurwitz in combination with Regdelph

● in the following part example 3.22 is going to be simulated with the numerical values 
last used and with K = -1,5.

 OpenOffice.org Rev.4 by Bay 
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12.12.05

Nyquist stability criterion

● Pole criterion:
sometimes the poles are not known and not calculatable.

● Disadvantage of Hurwitz:
F(p) has to be known, no delay times are allowed

● Nyquist (special criterion)

• advantage:
delay times are allowed, only F0 () has to be known

• condition:
control process has to be stable (integrators are allowed)

Bode plot of the open loop:
F 0(ω) = F R (ω)⏟

controller

* FS (ω)⏟
process

* F Mess(ω)⏟
sensor

 OpenOffice.org Rev.4 by Bay 

Phase margin: 
= Phase gap R 
R = 180° + 0(d)

(when φ 0 is negative 
)

|F0(d)| = 1 ≙ 0dB
➜ definition of the crossover 
frequency

Bode plot with definitions of crossover freq and phase  
margin
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Nyquist criterion

● ➔ F ω( p) is stable, if and only if φR>0 !!

   5. Design of closed loops (Frequency response approach (FRA))

➔ frequency response curve = Bode plot

5.1 objectives with indicators:

(1) stability: φR>0  ;                [180 °+φ0(ωd) ;     the larger, the more damped ]

(2) well-damped: 50 °<φR<70 °

(3) fast: t max⏟
of RSR

≈
4
ωd

 ;      [short settling time ] (formula valid for all controllers)

(4) accuracy: X d (t→∞) =
1

1+F0(ω=0)
 ;     [small control differenz X d ]

(5) cheap: [depends very much on the application]

● explanation of the  indicators for 4 and 3 

 4)

• question:

 OpenOffice.org Rev.4 by Bay 

SBD  to the Nyquist-criterion

SBD to (4) "accuracy"
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what is the final value of xd (t →∞) after a set value step w = σ(t ) ?

X d ( p) = 1
p
∗ F Xd ( p)⏟

F Xd ( p) =
X d ( p)
ω( p)

=
1
p
∗

1
1+F0( p)

→
 ⊶  
 

lim
t →∞

X d (t) =
lim
p=0

p ∗ X d ( p)
⏟

final value theorem

                                                                              = p  * 1
p
=

1
1+F 0( p)

                                                                              = 1
1+F 0(0)

                    q.e.d

 3) 

• What does the RSR look like?

→ great d => fast closed loop
small d => slow closed loop

→   looks like a PT1 or PT2
=> complete closed loops often behave like PT2

=> F   often behaves like PT2

 OpenOffice.org Rev.4 by Bay 

F ω =
F 0

1+F0

SFP with (3) "speed“

Amplitude response with (3) "speed"
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● RSR ≈ step response PT2:

➜ good estimated value for 0 ≈ d and d ≈ 0,7 => tmax ≈ π
ωd √1−0,72

≈
4
ωd

5.2 FRA – process taking the example of a  4 PT1 – process

→     see top of WB page 36 (process without I-part)

Bode plot of the process:

All DC-gains of single blocks are not drawn and collected together into a correction 
factor K*

 OpenOffice.org Rev.4 by Bay 

tmax = π
ω0√1−d 2

see PT2 - equation WB p 22

SFP with (3) "speed"

SBD 4 PT1-process

Amplitude responses of the 4 single PT1
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Addition of single plots give : ∣ F S ∣

∣ F 0(ωd) ∣ = 1 =̂ 0dB      →   def. of crossover freq. (ωd )

Phase margin: φR = 180 °+φ0(ωd)

         5.2.1.  Design of a P – controller: 

● 1st  step FRA – process: draw, measure  the  bode plot of the process.

• P – controller: 

● indicators:

• R : damping

• d : speed

• F0 : precision

● choice of the most important parameter: R = 60°

(with a P – controller the remaining parameters result from this in consequence )

•
φR = 60 ° = 180 ° +φ0(ωd )       =>  φ0(ωd) = −120 °

• => (using the Bode plot) d =2,6s 

• => t max ≈
4
ωd

≈ 1,5 s

 OpenOffice.org Rev.4 by Bay 

Phase:      S= - arctan ( * 0,01)
= - arctan ( * 1)
= - arctan ( * 0,05)
= - arctan ( * 0,33)

Amplitude responses of the  4 PT1 summed up

Symbol P-block

Controller phase Reg = 0,   i.e. 0 = Reg + S = S 

100
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● total open loop gain: |F0 (d)| = 1

• =>
∣ F R(ωd ) ∣⏟

K

 * ∣ F S (ωd) ∣⏟
−12dB⏟

Bode S. WB38

= 1

• ∣ F S (ωd) ∣ = 0,25∗K S
* = 0,5        =>  K S

* = 2 =̂ 6dB

● same calculation in dB:

•
∣ F R(ωd ) ∣

dB
+

∣ F S(ωd ) ∣
dB

= 0

• =>
∣ F R(ωd ) ∣

dB
= K S

* = 0 −
∣ F S (ωd) ∣

dB⏟
0−(−12dB+6dB) = 6dB

        => K S
* = 6dB

● accuracy:

• X d ( t →∞) =
1

1+F 0(0)
=

1
1+FS (0)∗F R(0)

=
1

1+2∗2
=

1
5

= 0,2

• => the output is still 20% smaller than the set value !

This error can, for example, be corrected with an adaption of w , since it is a well-
known , systematic and stable error. (Set w=1.25 to get an x=1)

● Sketch of the RSR (reference step response):

 OpenOffice.org Rev.4 by Bay 

K = 2

=> DC-gain = 2

SFP like above but with adaption

SBD to accuracy at design with P-controller

−12dB =̂ 0,25 = 10
−12dB
20dB
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5.2.2.  Design P – controller (R = 40°)

•
φR = 40 °

•
φ0 = 180 °−40° = −140 °

• ωd = 3,8 1
s

• tmax =
4

3,8
s = 1,05s

● total open loop gain:

•
∣ F R(ωd ) ∣⏟

K

∗ ∣ F S (ωd) ∣⏟
−17dB =̂ 0,14

= 1

•
K =

1
∣ F S (ωd) ∣

=
1

0,14* 2⏟
correction factor

= 3,54

• X d ( t →∞) =
1

1+F 0(0)
=

1
1+3,54∗2

= 12,4%

● Sketch of the new RSR:

 OpenOffice.org Rev.4 by Bay 

RSR- prediction with P-controller (see PT2-block)

RSR with P-controller with  40° damping (phase margin)
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5.2.3. Design P – controller at the stability limit R = 0°

•
φ0(ωd) = 180 °

• ωd = 8,2 1
s

• tmax ≈
4
ωd

= 0,49 s

● total open loop gain:

•
∣ F S (ωd) ∣⏟

diagram

= −28dB

•
K = 28dB−6dB⏟

KS
*

= 22dB =̂ 12,58

• => oscillating frequency:
8,2
2π

= 1,3 Hz

•
X d (t→∞) =

1
1+F R(0) F S (0)⏟

2

But target: F R(0)→∞ , then control error /difference will be zero !!

5.2.4. Design with I – controller 

F R( p) =
K I

p ; magnitude: ∣ F R(ω) ∣ =
K I
ω  ;        φReg = −90 °

● Now add  controller-Bode plot to the  process bode plot 
=> F0 ; 0 see WB page 39 

● ∣ F R(ω) ∣ plot with K I = 1 1
s
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Results from Bode plot

Controller d KR TN Reg(d) TV st Xd(t→∞) R

P 2,6 2    – 0°    –   – 0,2 60°

P 3,8 3,54    – 0°    –   – 0,124 40°

P 8,2 12,6    – 0°   –   –   – 0°

Table WB p 36
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● Now search again for  the intersection point of the new phase curve 0 at –120° , to 
obtain again a phase margin of 60° .

=> ωd = 0,4 1
s

     ≈>  tmax ≈
4
ωd

= 10 s

=> now the closed loop is 6,5 times slower !!

● Now correct K I , so that at ωd = 0,4 1
s the total amplification is = 1 =̂ 0 dB .

K x ∣ F R(ωd) ∣⏟
für K I=1 1

s

∗∣ F S(ωd ) ∣

⏟
2,24∗K S

*

= 1

; with: K S = 2

from curve WB page 39 ∣ F S (ωd) ∣ = 7 dB =̂ 2,24

K x =
1

2,24∗2
=

1
4,48

= 0,223

● results: 

•
X d (t→∞) = 0

• ωd              = 0,4 1
s

•
φReg(ωd )   = −90 °

● continuous search for improvement: What happens with other types of controller?

 OpenOffice.org Rev.4 by Bay 

additional negative phase in the 
closed loop.

→   leave the rest stable

→  closed loop is getting slower

→   should be avoidedMagnitude to design with I-controller

The controller gain becomes:

K I neu = K x  * K I alt⏟
1 1

s

= 0,223 1
s  

FR (d) = Reg (d)
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• PT1, PT2, and IT1 have due to the negative phase only even slower closed loops.

• D, DT1, DT2 are excluded as controllers, since the controller gain at DC is 

∣ F R(0) ∣ = 0 . So the  control error is X d (t →∞) =
1

1+F 0(0)
= 1

=> 100% error, thus the loop is completely useless

5.2.5. Extended PI control design with pole compensation

F R( p) =
K R(1+ pT N )

pT N
     => 2 free parameters: K R ,T N

T N is chosen with pole compensation 

T N = greatest process PT1 – time constant = 1s

● now add phase curve to the process 

 

=> see page WB 40
result: 

For φR = 60 ° results in the intersection point of – 120° with φ0 the value

ωd = 1,4 1
s

➔ in comparison with I – the controller is 3,5 times faster but same accuracy !!

●

K R =
1

∣ F 0(ωd) ∣⏟
−4dB⏟
0,63

∗K S
*

⏟
2

=
1

0,63∗2
= 0,79

;     φReg =−90 ° + arctan1,4 =−35,54°
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KdgZk  =  compensation of the greatest time constants

  =  pole compensation

Magnitude to PI-design

reg = - 90° + arctan ( TN)

To be plotted with KR = 1 equals 0 dB
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• T N = 1s  ;   K R =
R2

R1
 ;   T N = R2∗C

•
choice : C = 1µF

• =>    R2 =
T N

C
= 1s

1µF
= 1MΩ

• =>    R1 =
R2

K R
= 1MΩ

0,79
= 1,25 M Ω

applicable OPV: e.g. TL 081
TL 071
TL 061

 OpenOffice.org Rev.4 by Bay 

RCOP-circuit for the PI-design
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5.2.6. PI – controller with symmetrical optimum

[→  choice of Reg (d)]

● If you decide on a greater TN,  Reg (d) is more positive => loop accelerates

● With sym. optimum you decide on  on a value of Reg (d) = - 15° at R = 60°(see page 
WB bottom table p 37)

● Reg (d) = -15 = - 90° + arctan (d TN)

● result: 

• ωd = 2,0 1
s

• T N = 1,87 s =
1
ωd

∗ tan 75°

•
K R from curve WB p41: 1,25

 OpenOffice.org Rev.4 by Bay 

see WB p 41

Results from Bode plot

controller d KR TN Reg(d) TV st Xd(t→∞) R

I 0.41/s 0.2231/s    – -90°    –    – 0 60°

PI 1.41/s 0.79 1s -35.54°    –    – 0 60°

PI 2.01/s 1.26 1.87s -15°       –       – 0 60°

Phase with values at  sym. optimum
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05.01.06

Training task from old exam  (Bay 46 A4)

● Design a controller matching the given bode plot :
here PI-controller with symmetric optimum and R = 50°.

 OpenOffice.org Rev.4 by Bay 

 f d = 4Hz
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What is the magnitude of d , TN and KR ? 

● FRA-design

• Table page WB 37:
R = 50°  =>  Reg(d) = -20°  and S(d) = -110°

• from the given  Bode plot:
take off φ S = -110° onto the  phase curve of the process  and then perpendicular 
onto the  frequency axis. This results in f d = 4Hz

ωd = 2π∗ f d = 2π∗4 Hz = 25,1 1
s  

• Now calculate with:
φReg = −90 °+ arctan ωT N

φReg(ωd=25,1 1/ s) = −90°+arctan ωd T N = −20°

=> ωd T N = tan70 °

T N =
1
ωd

tan 70 ° =
1 s

25,1
∗2,75 = 0,109 s

• Calculate K R 
at  d the gain of the process together  with the controller must be zero dB, i.e.
|F0(d)| = |FS( d)| * |FR( d)| = 1 = 0 dB

• The magnitude of the process results from the bode plot (intersection point of 
the magnitude curve with the perpendicular just drawn )

|F S (d)|= -12,5dB  => 10
−12,5 dB

20 = 0,237

• The controller is a PI-controller, thus it can be calculated by using the transfer 

 OpenOffice.org Rev.4 by Bay 

Display of phases from table WB 37 bottom

This equation is to be used to 
calculate TN .

(page 37; 3.)
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function of page WB 16 

F R( p)= K R

1+T N∗p
T N∗p

    =>  ∣F R(ω)∣=∣K R

1+ jωT N

jωT N
∣= K R

√1(ωd T N)
2

ωd T N

• Insert

0,237∗ √1+(25,1∗0,109)2

25,1∗0,109
∗K R = 1     =>  K R = 3,96

=> solution: PI-controller on IT1-process

● Realization

● the 2nd  version would be pole 
compensation, which unfortunately is unstable with IT1 

controller design 4PT1 – process from top of page 36  (continuation)

● PI – design with sym. Opt. R = 60° ,  Reg( d) = - 15°  =>  S( d) = - 105°

  =>  d = 2,0
1
s   =>  KR = 1,25  ;  TN = 1,8s

● Regdelph:

• PIDT1 – controller Reg ; PID can be designed automatically  

• parameter names used in the program compared with this script

• Regdelph: Bay

• P –  gain K: KR 

• T1/TN: TN

• T2/TV: TV

• KdS: st

5.2.7 Controller design on 4 PT1 – process PD – controller 

● see Bode plot WB page 42  PD – controller 
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RCOP-circuit of PI controller

TN = R2 * C = 0,109s

R2/R1 = KR =3,93

R1 = 100k  chosen

R2 = 3,93 * R1 = 393k 

C =
T N

R2
= 0,109 s

393k Ω
= 0,275 µF
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PD – controller: F ( p) = K R (1+ p T D)   ;   st = ∞

● TD with pole compensation TD = 1s  =>  KR = 3

d = 14
1
s   ;   (comparison: P- controller: d = 2,6

1
s , much faster!)

5.2.8 PDT1 – controller  with Regdelph

●   st = 10  (in the  WB there is no bode plot of this example)

ωd = 7,1 1
s ; T D = 0,297 ; K R = 4,28

5.2.9 PID – controller without Regdelph:

● st = ∞  see WB page 42

5.2.10 PIDT1 – controller with Regdelph

st = 10 ; ωd = 5,4 1
s ; T V = 0,2971 ; T N = 1 s ; K R = 3,07
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results from bode plots (FRA-design 4 PT1-process)

Controller d KR TN Reg(d) TV st Xd(t→∞) R

P 2,6 2  – 0°  –  1 0,2 60°

P 3,8 3,54  – 0°  –  1 0,123 40°

P 8,2 12,6  – 0°  –  1  – 0°

I 0,4 0,224  – - 90°  –  – 0 60°

PI 1,4 0,79 1 - 36°  –  1 0 60° Polcomp

PI 2,0 1,25 1,87 - 15°  – 1 0 60° sym.Opt

PD 14 3  – + 86° 1 ∞ 0,14 60°

PDT1 7,3 4,04  – + 50° 0,33 10 0,11 60°

PIDT1 5,7 3,04 1 + 40° 0,33 10 0 60°

PID 9 5 1 + 65° 0,33 ∞ 0 60°

Table WB  36 filled with results
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PIDT1-controller, variation of step depth

→ see RSRs page 46 bottom

st  t max  {s]  speed K R * st = Ymax   actuator peak values

1 2 0,94

2 1 2,6

5 0,6 11

10 0,45 30

100 0,3 475

=> the increase in velocity with great step depths is relatively low in proportion to the 
necessary power of the actuator. Chose => normally st  4

5.3 FRA-procedure for processes including an integrator

→    see example on page 36 bottom

● examples of processes with I-part:

• Ex1.1 (tank level controller)

• position / servo controller 

• flight objects / course control 

F = m∗ a = m ∗ d 2 x
dt2 => x =

1
m
∗∬ F dt dt

● Set of all control circuits:

 OpenOffice.org Rev.4 by Bay 

Example flying  
object

SBD flying object

Mostly one of the following  4 
controllers is used ! 
 P

PI

PIDT1

PDT1
Set all existing loops
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Example WB p 36 bottom 3PT1 + I

● Control errors, final values of  X d ,  X for t → ∞ , if W , Z1 or Z2 get a unit input step.

● If all signals are constant, then:

(1) w = 1 , z1 = z2 = 0 (NR:
1

1,25
= 0,8 )

(2) disturbance case 1
w = 0 , z1 = 0 , z2 = 1 

(3) disturbance case 2

w = 0 , z1 = 1 , z2 = 0 (NR:
−1
1,6

= −0,625 )

● In control loops with I-blocks disturbances in front of the  I-block of the process only 
get completely compensated, if FR (0) → ∞ , i.e. if a PI or a PIDT1 is used
Thus:

• If  no or neglectable disturbance occurs in front of the  I-block of the process, you 
chose a P- or PDT1-controller, because a Integrator in the controller is not 

 OpenOffice.org Rev.4 by Bay 

SBD of page 36 bottom; with 3 input- DC- examples

Single -SBDs for the blocks

Strategy:

> from disturbance input in reverse 
direction 
> divide by the K of the blocks
>  at summing point with – : sign changes
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necessary and would only slow it down. 

• If  there is a disturbance Z1 :

• check if value X can be accepted at the output. (bei uns: 0,5
F R(0)) .

• If not:
Chose PI- or PIDT1-controller.

controller design with Standard- FRA- procedure with ITn process

→ again: R = 60° [ P, PI, PDT1, PIDT1 ]

● Start with process bode plot (see WB p 44) sensor included  (i.e. Everything except 
the controller belongs to the process- bode plot )

● asymptotic sketches:

(calc: 4,08dB ≙ 1,6 ;  1,94dB ≙ 1,25)

● K * - correction factor:  collect all K of blocks
the drawn bode plot still has to be multiplied with this factor K* .

● Phase of the process:
φ = −arctan ω∗0,01⏟

6

−arctanω∗0,11⏟
2

−arctan ω∗0,05⏟
3

−90°⏟
I

5.3.1st P-controller

→ P-controller with R = 60°

● S (d) = - 120° according to the plot: ωd = 3,2 1
s

● at ωd is ∣F S (ωd)∣ from the drawing = - 11dB

● KR * 0,282 * KS
* = 1 => K R =

1
0,282∗0,2

= 17,7
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Asymptotic bode plots of "individual parts" of the process
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to be continued on page 36 bottom (IT3-process)

Contr. d KR TN Reg (d) TV st Ft1 (0) X(t-> ∞ ) at Z1 = 1

P 3,2 17,7  – 0  –  1 2,8 %

I Always unstable !  Prohibited !

PI unstable  – 0,11  –  –  –  – Polcompensation

PI 1,6 7,61 2,331  -15°  –  1  – sym.Opt.

PIDT1 3,9 18,9 0,97  – 0,11 10  – 

PDT1 7,8 41,7  – ? 0,11 10 1,2 %

5.3.2nd I-controller

●
φ0 = φ cntroller+φprocess = −90°−arctanω∗0,01−arctanω∗0,11−arctan ω∗0,05−90 °
          =>  d.h. < −180 °

● Phase margin has got to be negative => closed loop is always unstable for I-controller!

5.3.3rd  PI-controller with pole compensation

→ TN = 0,11s

●
φ0 = −90 °+ arctan ω∗0,11⏞

see: T N

⏟
controller

−arctan ω∗0,01−arctanω∗0,11−arctanω∗0,05−90°

          => is  < −180 °

● PI : F ( p) =
K R(1+ pT N )

p T N

● Pole compensation of the  I-part of the controller  is prohibited now  !! 

5.3.4th PI-controller with symmetric optimum

→  explanation on a simple IT1-process (application is allowed for all ITn)

 OpenOffice.org Rev.4 by Bay 
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● green: IT1-process:  F ( p) =
K 1

p(1+PT1)

● blue:
PI-controller:   φReg = −90 °+arctanωT N

ωN = 1
T N

● ωmax = √ωN ∗ω1 ; lg ωmax =
lg ωN + lg ω1

2

● controller phase at d 
φReg = −90°+arctan ωd∗T N⏟

ωd
ωN

φReg = −90 °+arctan 1
0,268

= −15 °
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Bode plot of IT1-process with PI-controller sym. Opt.

F 0 = F S ∗ F R



 Control System 1 Prof. Dr. Bayerlein 99 of 116 

● Now optimal controller design:

ωd = ωmax choice of ωd ,so that the phase margin is maximal : φR = φmax

φmax ωN

ω1

A =
ωN
ωd

= √ωN
ω1

φReg(ωd ) φS (ωd )

30° 0,333 0,577  - 30°  - 120°

40° 0,198 0,445  - 24°  - 116°

50° 0,132 0,364  - 20°  - 110°

60° 0,0718 0,268  - 15°  - 105°

See table WB p37 middle position

● Method 1 for controller design :

If process time constants are known, then
ωN
ω1 from table →  determine TN 

→ ωd = √ω1 ωN

● Method 2:

process time constants needn't be known.

● Back to the  IT3-process of page 36 bottom

• φR = 60 °   => φS(ωd ) = −105 °   => ωd = 1,6 1
s →  thus  slower by factor 2 , 

but instead z1 now is completely omitted !

• TN from
φReg(ωd ) = −15 ° = −90 °+arctanωd∗T N

  => T N = 1
ωd

∗tan 75° = 1s
1,6

tan 75 ° = 2,33 s

5.3.5th  PDT1-controller

● F R( p) =
K R(1+ pT v )
1+ pT v/ st

● TV with pole compensation = 0,11s is allowed again in this case (since no I-part is 
used in the controller).

=> ωd = 7,8 1
s factor 2,5 times faster

 OpenOffice.org Rev.4 by Bay 

KDGZK = 
Pole 
compensation
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●  maximum of controller output value after reference step: Y max = K R∗st

• P-controller: Y max = 17,7∗1

• PDT1-controller: Y max = 41,7∗10=417

So: 2.5 times faster, but actuator amplitude must be more than 20 times higher!

5.3.6th PIDT1-controller

●

F R( p) =
K R(1+p T N )

p T N⏟
PI

(1+ p T V )

(1+p
T V

st
)

⏟
PDT1

 ; with PDT 1 : st =
T V

T 1

● 1st  step:

adding the phase of the  PDT1-block φPDT1 = +arctan(ωT V )−arctan (ω
T V

st
) ;

st given, TV with pole compensation = 0,11

● 2nd  step:

PI absolutely normal with symmetric optimum. It sees the  „new process“ FS + PDT1

5.4 Overview of  the choices of TN and TV  or TD 

Method Processes without I Processes with I

TN with Polcomp. optimal Prohibited! Loop becomes 
unstable

TN with sym.Opt. TN mostly too large optimal

TN with -12dB method
(TN = 1 / T12 )

optimal
(like polcompensation)

No result, because no -12dB- 
slope

TV or TD with Polcomp.

TV case PIDT1

TD
 case PDT1

TV or TD  = 2nd largest p.t.c.

=> optimal

(p.t.c.: process time constant)

TV or TD  = largest p.t.c.

=> optimal

 TV or TD with -30dB 
method

TV or TD

= 2nd largest p.t.c.

=> optimal

TV or TD

= largest p.t.c.

=> optimal

 OpenOffice.org Rev.4 by Bay 
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● PIDT1 with pole compensation (only with processes without I !):
• TN : greatest time constant of the process
• TV : second greatest time constant of the process

● - 12dB method

• T12 radian frequency of the tangential point (same as Regdelph is doing)

• ➔ -30dB-method:
With the help of the tangent, which has a slope of  -30dB/decade, TV or TD can be 
determined. The procedure works exactly like the  -12dB-method.

● Where do names of TV and TD come from?

• PIDT1

WB page 16:
F R =

K R(1+ pT N )(1+ pT V)

p T N (1+p
T V

st
) => TV

• PDT1

WB page 16:
F R =

K (1+ pT D)

1+ p
T D

st
=> TD 
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-12dB-method,  graphical solution with parallel shifting

T N =
1

ωT12

The time constants of the 
controller TN is determined 
according to the course of 
magnitude of the process. 
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5.4 Improving the control performance

→ see WB page 50

● situation:
 Control system on page 50 ,top, is designed with PIDT1 , but Z2 is too great.

● Improvements:

(1)Method of precontrol

 required additional hardware: 2nd  actuator, 2nd sensor,  2nd  controller necessary

examples:

• if Z2 are  supply voltage variations, correction: controlled power supply

• if Z2 is ambient temperature, additional heating control  of  the quartz / sensor

(2)Method of disturbance variable feed forward

 additional hardware: disturbance sensor, compensation filter GZ 

→  disturbance  Z2 can now be compensated much faster, because compensation 
is carried out only by
   FS1 + FS2 .
→ GZ doesn't change the  loop-dynamic !

• Ideal choice of GZ :
GZ∗FS1∗F S2 = 1

GZ =
1

F S1
 * 1

F S2

 OpenOffice.org Rev.4 by Bay 

SBD section to disturbance feedforward see WB p 50 

Z1 Z1
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• example:

F S1 =
K

1+pT
      =>  PT1

GZ1 =
1+ pT

K
      =>  PD

• realistic filter is then PDT1 (PD is ideal only )

• does not work, if FS1 is a delay time block 

F S1 = e−pT t ; GZ = e+ pT t not realizable, like a “prophety” block

3 Method of cascaded control

Additional hardware: Sensor for internal values: 2nd  controller (e.g. an 
armature current sensor in large motors )

• 3 advantages:

• Inner closed loop (PID + FS1 + FS2 ) can react very fast on  Z2 , because the 
compensation only runs through FS1 and FS2 .

• Amplification can now be much greater (=>   good control effect), since only 
the negative phases of FS1 and FS2 influence the inner phase margin.

• Inner values (here e.g. X i ) can easily be limited by limiting  wi  .
(e.g. Limiting of the armature current to 1kA (ICE) by Zener diode at w  i 

• cascade controls are special cases of the „state controls“ (X i can be called : 
internal state)

design of the cascaded control  in 3 steps

(1) design of the inner closed loop either using the Cruise control-version [1a], flash-
control design (WB page 33) [1b] oder FRA-design [1c].

process FS1 ; FS2 ; controller: PI

(2) Calculate the dynamic of the  closed inner loop ( F wi( p) =
x i( p)
wi ( p)  the  inner 

feedback included)

either:

• at 1a) with calculation of the transfer function Fwi (p)

 OpenOffice.org Rev.4 by Bay 
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• at 1b) Fwi is always a PT2 with K=1, d, 0 as given, see WB page 33

• at 1c) Fwi () with Nichols-formula see WB page 34

(3) design of  external controller with Fwi + Fs3+FS4 controlled process with classic FRA-
procedure or  if applicable with flash control design 

5.5 Training tasks section

BAY 48/2

Inside: The resulting time constant should be set to 5s with the choice of K3  (dotted 
black). Center (dotted red): K2 in a way that the damping turns out to be d = 1  (flash 
control design!). How great is the resulting 0 ? The center closed loop can be dismantled 

into 2 PT1, how great are the two new time constants ? Outside: with FRA-procedure the 
P-controller can be designed. How great are d and K1 (printing mistake in Bay 48) for 
phase margin φR = 60°.

F wi( p) =
F 0

1+F 0
=

K3∗K I

p

1+
K 3∗K I

p

=

K 3∗3
s p

1+
K 3∗3

s p

=
3∗K 3

s p+K3∗3
=⏟

normalized

1⏞
K innen

1+ p* 1 s
3 K3⏟
T innen

• y = F
1+F general for negative feedback (in consequence of rule 4 WB page 7)

• when normalizing  1 + ... is forced in the denominator.

• Transfer function is altered to PT1-form, since feedbacked P and I can be summed 
up into a PT1  (see magnitude courses)

T innen = 5 s =
1 s

3 K3
     =>  K3 =

1
15
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SFP aus BAY 48 A2
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● middle loop (dotted red): d=1,  flash controller design (see WB page 33)

•

IT1      =>  F 0 m( p) =

5
s
⏞

K i  in the equation

(1+ p5s) p

• page WB 33: K R = K 2 =
1

4T innen d 2 K i

=
1 s

4∗5 s∗12∗5
= 0,01

 ω0 =
1

2d T innen
=

1
2∗1∗5s

= 0,1 1
s

● external loop:

 OpenOffice.org Rev.4 by Bay 

Summary of the  SBD matching task BAY 48 A2

splitting of the  PT2 into 2 PT1 to calculate 

SBD which results from the calculations

T 1,2 =
d ±√d 2−1

ω0
=

1
ω0

= 10s
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● given 
φR = 60 ° = 180 °+φ0(ωd )⏟

−120

°
; 

• The phase of the process consists of the single phases of the blocks 
−120 ° = φ0 = − arctan (ωd∗10s)⏟

PT1

− arctan(ωd∗10s)⏟
PT1

− 90 °⏟
I

=> −120 ° = −2(arctan (ωd∗10 s ) )−90 °

=> arctan (ωd∗10s) = 15°

=> ωd =
1

10 s
∗ tan 15 ° = 0,0268 1

s

• at d the total open loop gain of controller and process is 1:

∣F 0(ωd)∣ = ∣F R(ωd )∣∗∣F S(ωd )∣= 1

=> K 1⏟
controller

* PT1 ∗ PT1∗ I⏟
process

= 1

inserted: K 1∗( 1

√1+(ωd∗10 s)2)
2

* 7 1 /s
ωd

= 1

=> K 1 = (1+(ωd∗10 s)2)  * 
ωd∗s

7
= 0,004103
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F ( p)PT1 =
K

1+pT

∣F (ω)∣ = ∣ K
1+ jωT ∣

         =
K

√1+(ωT )2

F ( p)I =
K
p

∣F (ω)∣=∣ K
jω∣= K

ω

Because there is no sym. optimum the 
table can't be used (no PI-design)

Due to the transfer functions from page WB 16 
the  corresponding phase courses can be calculated as 
follows:

● +arctan ( * T... ) for each ''1 + p T... '' in the numerator

● -arctan ( * T... )  for each ''1 + p T... '' in the denominator

● +90°  for each ''p'' without ''1+...'' in the 
numerator

● -90°  for each ''p'' without ''1+...'' in the 
denominator 
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BAY 46/A3

● dotted orange 

F wi (2PT1 ) =

2
1+ p

∗
1

1+2 p

1− 2
(1+ p) (1+2 p)

=
2

(1+ p) (1+2 p)−2
=

2
−1+3 p+2 p2 =⏟

normalized

−2⏞
Kneu

1−3⏟
2d
ω0

p−2⏟
1
ω0

2

p2

 (F ( p)PT2 =
K

1 +
2d
ω0

p +
1
ω0

2 p2
= K

(1+ T 1 p) (1 + T 2 p))
F wi (PT2 ) =

K neu

(1+ pT 1neu) (1+ pT 2neu)
=

K neu⏞
−2

1+p (T 1neu+T 2neu)⏟
−3

+ p2 T 1neuT 2neu⏟
−2

=
−2

1−3p−2p2

● with comparison of coefficients:

=> (1) T 1 neu∗T 2neu = −2 = T 1∗T 2 ; (2) T 1neu+T 2neu = −3 = T 1+T 2 ; 
K neu = −2

=> (1 ') T 1 =
−2
T 2

inserted into (2)  => −3 =
−2
T 2

+ T 2       |−T 2   |∗T 2

=> −T 2
2 − 3 T 2 = −2    |+2  |*(-1) => T 2

2+3T 2−2 = 0 => T 2 1,2 = − 3
2

±√ 9
4
+2

=> T 2 1 = 0,5616 ; T 2 2 = −3,5615

 OpenOffice.org Rev.4 by Bay 

SBD to BAY 46 A3, here positive feedback system
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● applying Hurwitz:

transfer function of the total system is used. The negative sign of one PT1-block has to 
be integrated into the calculation. The differential time TD of the  PD-controller is 
equivalent to the smaller (positive) time constant of the process.

F wa =
K (1+pT )

−2
(1+ pT 1) (1+pT 2)

1+ K (1+pT )
−2

(1+ pT 1) (1+pT 2)

=

−2 K
1+ pT 2

1+ −2 K
1+ pT 2

=
−2 K

1+ pT 2−2 K
=⏟

sorted to p

−2 K
p T 2⏟

c1

+1−2 K⏟
c0

To get the system is stable all c i have to have the same sign.
c1 = T 2 = −3,5616 < 0

Thus also c0 < 0 , so that the system is stable if 

c0 = 1−2K <0   => K > 1
2

BAY 22 / A6

➔ setting up SBDs

•
U 3 = v U d
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resulting SBD to BAY 46 A3

circuit from BAY 22 / A6



 Control System 1 Prof. Dr. Bayerlein 109 of 116 

● mesh rules:

• U 1 = I 1∗R1 + I 1∗R2 − I 2 * 1
pC 1

=> I 2 = p C1 ( I 1 R1 + I 1 R2 − U 1)

•
U d = I 1 R2

• U 2 = I 2* 1
p C1

+ I 3 R3 => I 3 =
1
R3 (U 2− I 2 * 1

pC1)
• U 3 = − I 4 * 1

pC 2
+ I 3 R3 => I 4 = p C 2 (−U 3+ I 3 R3)

● nodes:

• I 2+I 1−I 3−I 4 = 0 => I 1 = I 3+I 4−I 2

• equations are not allowed to be used more than once  =>  tick used equations

BAY 50 / A1

➔ position control  => output (controlled) value X
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SBD (one possible result of BAY 22 / A6)

Sketch for task BAY 50 / A1
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● Actuator: α = K1∗U S

● Sensor: U x = K 2∗x

● balldynamics: m∗g∗α = B * dx
dt

+ m* dx2

dt 2      |∫

 m∗g ∫αdt = B∗x + m* dx
dt => x =

m
B (m∗g∗∫αdt − m* dx

dt )

The diff. Equ. defined after X is converted by the summing point on the right and the 
surrounding elements (I-, P- and D-controller)

● attention! printing mistake: In the solution in the WB the „g“ is missing  in the SBD

2nd variation

new process SBD

m∗g ∬α dt dt =
B
m∫ x dt + m∗x
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SFP (solution for BAY 50 / A1)

SFP (2nd  solution for BAY 50 / A1)
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BAY 56 / 1

➔ SBD-reduction task

● Strategy:
sum up (reduce complexity) with rule 1, 2 and 4

●
F 5 = F1+F 2

 OpenOffice.org Rev.4 by Bay 

task BAY 56 / A1  (sum up)

BAY 56 / A1 (sum up 1st step) 

BAY 50 / A1 (sum up 2nd step)
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● F 6 =
1

1−F3∗F4
; F 7 = 1+F 4

● F ges =
(F 1+F 2+F 3) (1+F4)

1−F 3 F 4

• The result is not allowed to contain F's  which were not given in the task (don't 
invent new ones).

• In the result complex fractions are prohibited, only one main division line.

BAY 43 / A3

➔ stability analysis

● F w( p) =
X 3

w
=

1,5 (1+2 p)
2 p

∗ 3,5
1+0,1 p

∗ 2,6
1+0,3 p

1 +
1,5 (1+2 p)

2 p
∗

3,5
1+0,1 p

∗
2,6

1+0,3 p
∗

K
1+0,01 p

       = 1,5 (1+2 p) 3,5∗2,6 (1+0,01 p)
2 p (1+0,1 p) (1+0,3 p) (1+0,01 p)+1,5 (1+2 p) 3,5∗2,6 K

● denominator polynomial of Fw (p) [red] multiplied out:

p4+113,3 p3+1366,7 p2+(3333+45500 K ) p+22750 K

• c4 = 1 c3 = 113,3 c2 = 1366,7 c1 = 3333 + 45500 K c0 = 22750 K

● A system of 4th degree can be calculated (see page WB 35 bottom box) even without 
determinants :

• all ci  positive and ≠ 0 from c0 it follows that K > 0

• c2 c3 > c1 c4 1366,7 * 113,3 > 3333 + 45500 K => K < 3,328
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BAY 43 / A3  (given SFP)
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• c1 c2 c3 > c1² c4 + c0 c3²

(3333 + 45500 K) * 1366,7 * 113,3 > (3333 + 45500 K)² + 22750 K * 113,3²

=> 0 > 2,07 * 109 K2 – 6,45 * 109 K – 505 * 106 

=> 0 > K2 – 3,12 K – 0,244 

=> K1,2 = 1,56 ± 1,562 + 0,244

=> K1 = -0,076  ;  K2 = 3,169

● solution

1/26/06

BAY 51 / A3

● printing mistake in the exam;  in the OA obviously ∞ instead of 8 should be written

● comparison of the given RCOP-circuitry with the ones of the elementary transfer blocks 

is provided: PDT1 : F ( p) = K
1+ pT D

1+ pT 1

● In this task the focus is not on a switched sine (Laplace) but on a steady sine!

• K =
R2

R1
= 10

15
= 0,6

• T D = C (R1+R3)= 7∗10−6 F (1,5∗104+3∗103)Ω= 126ms

• T 1 = C R3 = 7∗10−6 F∗3∗103Ω = 21ms

• ω1 = 2 π f = 2 π 3 Hz = 18,85 1
s

• u1( t) = 2V sin (18,85 1
s
∗t)
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Solution to BAY 43 / 3

General SBD for a  
function F(p)
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•
u2(t) = 2V ∣F (ω1)∣∗sin (ω1 t+φ)

• ∣F PDT1(ω1)∣ = K∗ √1+(ω1T D)
2

√1+(ω1 T 1)
2
= 1,597

•
φ = arctan(ω1T D)−arctan (ω1 T 1) = 45,57 °

• inserted:

u2( t ) =−3,194V∗sin(18,85 1
s
∗ t+45,57 °)

• The  PDT1-circuit is an inverting amplifier! That's why the phase position is inverted 
by -180° . Thus either subtract at φ additional 180°, or as shown invert the sign of 
the amplitude. 

Response to „switched signals“
z.B. BAY 56 / A2

● F W ( p) = F 1 F 2+F 3 =
2

1+0,5 p
∗ 0,4 (1+2 p) + 1,5 (1+3 p)

3 p

     = 2,4 p + 4,8 p2 + 1,5 + 0,75 p + 4,5 p + 2.25 p2

3p+ 1,5 p2 = 7,05 p2 + 7,65 p + 1,5
1,5 p2 + 3 p

● F X ( p)= FW ( p) * 1
p (  Unit step function: σ (t) ⊶ 1

p)
● F X ( p)= 7,05 p2 + 7,65 p + 1,5

1,5 p3 + 3 p2 = 1
2

1 + 5,1 p + 4,7 p2

p2 (1 + 0,5 p)

           
→

 ⊷  ⏟
2.3.a

  1
2 (t + 5,1 − 0,5− (5,1 − 0,5− 4,7

0,5) e
−t
0,5)= F X (t)

● F X ( t) =
1
2

( t + 4,6 + 4,8 e−2 t )
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For calculating transform into frequency  
domain and after calculation back again
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BAY 40 / A5

(1) skipped

(2) P-controller φR = 60 °

•
φ0(ωd) =−180° + φR =−180° + 60° =−120 °

• in the bode plot 2 intersection points are given with the phase curve => 2 
possibilities

1. ωd 1 = 1,2 1
s

2. ωd 2 = 4,5 1
s  => better almost 4 times faster (4,5

1,2
= 3,75)

• ∣F R(ωd)∣∗∣F S(ωd )∣= 1

from bode plot: ∣F S (ωd)∣=−27 dB   => 10
−27 dB

20 = 0,0447

=> K R =∣F R(ωd)∣=
1

0,0447
= 22,37

Design  analogue  PDT1-controller with φR = 60 °

• Pole compensation: st = 5

•
F R (PDT1)( p) =

K (1+p T D)

1+ p
T D

st

• Pole compensation:

cut-off frequency  at ωe1 = 0,5 1
s (left) is not caused by a pole ( 1

1+pT x ) but by 

a zero (1+ pT x) same as with PI or PD. This one cannot be compensated by a 2nd 

zero. 

Pole compensation with cut-off at 10 1
s

    =>  T D = 0,1 s

• Attention: 
we do work with the same bode plot, but the task set  is different  => calculate 
everything anew

• continue with standard- FRA- procedure:

• now the PDT1-phase is added to the given phase S :
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φReg (PDT1)(ω)= arctan (ω∗0,1)−arctan(ω* 0,1
5 )  and φ0(ω) = φS (ω) + φReg(ω)

 S Reg 0

2 -115 9,01 -106

5 -122 20,9 -101

10 -138 33,7 -104

20 -155 41,6 -113

50 -169 33,7 -135

 

• φ0(ωd3) =−180 ° +φR =−180 ° + 60 ° =−120° provides: ωd 3 = 28 1
s

KR is calculated with
K R * √1+(ωd3∗0,1)2

√1+(ωd 3∗
0,1
5 )

2

⏟
controller

 * ∣F S (ωd 3)∣⏟
−52 dB = 0,0025⏟

process

= 1
    => K R = 154,19
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